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AN ESSAY 

ON THK 

RESOLUTION OF EQUATIONS. 



CHAFrEtt I. 

Of the extent to which phe Method of Tschirnhausen 

IS AVAILABLE FOR THE •PU'Riy^sfeWP SOLVING EQUATIONS. 

PreHminaj't/ Remarks mtd Propositions, 

1. The earliest uniform method for effecting the algebraical 
resolution of equations is, I believe, that proposed by Tschirn- 
hausen in the Acts of Leipsic for the year 1688. It consists in 
transforming the general equation of the mth degree 

into another equation of the same degree, 

in which A', B', . . U' are sevi rally to be made to vanish by 
assigning suitable values to Q, ii, . . L in 

which links any root of the equation in y to a corresponding 
root of the original equation in or. The point of view from which 
the problem of the resolution of equations is here contemplated 
is very different from that selected by later mathematicians. 
But the more unlike two modes of arriving at the same result 
are, the more instructive it will ever be to observe their approaeh 

B 
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and contact. I shall begin therefore with an examination of 
Tachimhausen^s method. 

2. That the equation in ij will be of the sanu dcLiee as the 
one in x, we mav easily convince ourselves from coiisidt i iiis; that 
it is capable of being resolved nito precisely as maay factors, 

as there are roota, ^„ »^ . . x^, of the equation in x, 

3. Again, from the weli-knowa I'elations between the coeffi- 
cients and the roots 



we may see that A\ ff, will, in the order of their occurrence, 
be of the first, the second, . . the nth degree relatively to P, Q, 
R, . .L; and lastly, that the roots of the proposed equation, 
cTj, . will enter symmetrically into A\ B', . . V. All 

these results may, however, be embodied and made visible in an 
equation. 

4. If, in fact, we suppose that 

where r may have any one indifferently of the m values 1^ Z, 
3, . . m assigned to it, the equation in y will, aa I proceed to show, 
be Buaceptible of the form 

S. {«P+W+yR+ . . +Xli)sr-» + 
j^3@. («P+/3(i+7R-|- . . 



ffty>**^ being any integers. 
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* TBCHIRNUAUSEN'a MBTHOD. 8 

' 5. Tbe functiom here affected with @ are merely ooDdeneed 
modes of expression fenned, in aecordanoe with a known me- 
thod of notation, by subjecting a symbol of operation^ to 
the same laws^ with certain obvious limitations, as would obtain 
if <S were a symbol of quantity. Thus by 

is represented 

e« P + Q +©7 K + . . @\ L; 

@«, . • @X being the sums of the «ith, fith, . . Xth powers 
respeeti?ely of the m quantities Si, . . x^. And, in general, 
if we expand 

in precisely the same manner as we s)\ iuld do if we were opcratinp^ 
oil an ordinal y ulgebraieal expresMon, and then apjily tlic syuibol 
© to each term, bearing in mind that a, /3, 7, . . K are llie sole 
elements of tbe functions thus characterised by ©, we shall 
arrive at the expression indicated by 

The expansion in question will accordingl)' consist of as many 
terms of the form 

1.2..axl.2,.6x..xl.ii../ 

as there are different solutions in positive integers, or in lero of 
the equation 

. - +/=». 

©a^^S* . .X' is a symmetrical function of whicli 

• sT^ • • • X tX^f • JC^ • • • X • • 

is a term. It is what the general symmetrical function 

of which x a?f/.a!j^...a{» x .. 

is a term, will become when aj=ag=s . . = «, = )9,= . . =/3, ... 
Taking, for example, ©ayS, and fc,up])0sing it to be symmetrical 
with respect to two quantities w, we shall have 

ftom which, on putting i8=a, there will be derived 

©fi' is thus composed of as many terms as And a similar 

B 2 
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mode of derivation it supposed to extend to every order in the 
present syttem of symtnetricai fonctioDS'i'. 

6, It 18 not diffieult to demonstrate the truth of this equa- 
tion in y. 

In effect, from the property of equations mentioned in 3, the 
coefficient of in the tnmsformed equation will be at once 
seen to be expressible by 

if we use the symbol S in an equally extended sense with 
that is to say, if we suppose ^y^y^y-^ . • //„ to be derivable from 
^VIdIuI "¥^i^ without any diminution in the number of its terms, 
on taking a=h = c= . .=/=!. 

But, according to the assigned form, the coefficient of yf^'^* 
will be 

n bein^ any intep^er less than m + \. 

Nothing Llicrcfurc remaiuc> but to show that 

Syiytys • • y«=@ . («p +i8Q +7B + . . + VL)« j 

a theorem the truth of which may be proved as follows : — 
Let us, in the first place, assume 

The expression for ^Vxy^ • • Vn will thus become 

2(P«f + Qaf ) (Pa? + , . (P^ + 0*5). 

This function is, we perceive, of n dimensions relatively to P 
and Q ; we sec slso that an uth power of each of the n quantities 

a:,, 5^2, . .Xn is successively joined to P, and a ;9th power to Q; 
hence we are led to conclude that 

* In the systems of symmetrical functions hitherto in use among mathe- 
maticians, t^u'*. not / f ^ u^t'^, woiiM in the case we have been considering 
have the sanir cliinacteristic as t^u^-^n^t^. But had we thus insulated 
those symmetiicul functions in uhich there are equal elements, we shouhl 
nut have arrived at a theorem in which the separation of the symbol ^ from 
its subjects could hvre Uken place. 
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S(P< + Q4f)(Pi-+Q*{) . . (P<+Q«0 

Vo» t'li V|» • • being oertain conttant but unknown quantities. 
In order to determine these, let 

we shall then have 

2(P + Q)X^--<= 
And aince^ in general^ 

S(P + Q)-^?^; . • < = (P + QrSa:?^; . . = (P 4. Q)«@o", 

there will result^ on making the requisite substitution. 

Thus Vq, t/i, . • I/, are respectively equal to 1, n, . . 1, 

the coefficients of the development of (P + Q)". 

h, tlicrcioie, we introduce the equation of definition 

©,(aP+^Q)»» 

S*** p- +» p— Q + @«"-«>3^ r-'QH.., 

we shall finally obtain 

2(Pa?+ Qo:?) (Pa:- + Qa:f ) . . {Wv^ + Q;* J) = @ . («P +^Q)-. 

And from this we can easily ascend to tlie general form in which 
. . L are not supposed to be equal to sero. * 

7. Wth respect to a, /3, 7, . . X, I ought, however, to remark, 
that although the equation in y will subsist for all integral values 
of these quantities, yet if one or more of them exceed m — l, the 
functions P, Q, R, . . L will not be wholly indeterminate, but 
will be subject to certain conditions in consequence of the col- 
lapse of the series for y, as will appear hereafter. 

Of the nature of ike equaihns of condUimi which mtut be tatisfied 
in bringing the equation inyto the binomial form. 

8. Wc arc now able to express A', Bf, C,.. V, each of them 
in terms of P, Q, K, . . L, so as to exhibit the true character of 



Digitized by Google 



6 TSCBlBNHAt78BN^t IIETBOD. 

the equations of condition which must be mtiafied in order that 
the equation in p may be reduced to 

or to 

which becomes identical with the former when n=m. 

For since, if, assigning to a, /9, 7, . . X the most simple valnei 
of which they are susceptible, we take 

we ahaU have 

K'^i-ir Y:t:zi © • (op + + 211 + . . + (n-i)L)"; 

it is manifest that the (n — 1) equations of condition for effecting 
the proposed reduction will be 

© . (OP+lQ+aR+ . . + =0, 

© . (0P+1Q+8R + . . + (»-l)L)«=0, 

© . (OP + IQ -i- 2R + . . + (n ~1)L)^=0, 

© . (OP + IQ + 2R H- . . + (fi-DL)"-* sO, 

the numbers substituted for a, fi,y,..\ being printed in a di- 
stinct type to remind us that they are to be associated exclusively 
with the symbol @. 

9. ( aii we then solve these equations of condition? If we 
suppose L = lj and eliminate all but one of the quantities 
P, Q, R, . . we know by Bezout's theorem that we shall in 
general be conducted to a final equation of the 1.2., (»— l)th 
degree. When, therefore, we liave 

1.2.. (w—l) <fii, 

nothing can be more obvious than the way of applying Tschim- 
hausen's method. But how are we to proceed when 

1.2.. (m— 1) ^m, 

which it always will be when m exceeds 3 ? V\ e are thus led to 
distinguish two classes of transformations. 

10. The most simple transformation of the cla^^s for which 
the product of the numbers marking the degrees of the equa- 
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tious of condition is less than m, depends on the solution of the 
problem 

To IQUATB TBB COBmCISNT TO IBBO. 

Here, in aeoordanoe with what has been proved in 8, we have 
n — 1 s 1, Aasmning^ therefore, 

y=P + Qa:, 

we may cause A' to vanish by assigning siieh values to P and Q 
as will satisfy the equations of the first degree 

Q=i, 

©.(OP + 1Q)=0. 

Thus when y can be founds x will be completely determined. 
In effect. 



as is evident. 



©0 m 



Case of m^2. SohtHon of quadratic eqmtvms. Reflections. 

11. In this way we arrive at a very coiiipiLhensive method of 
solviiig quadratic equaLiuuii. For when »i=2, the proposed 
equation will become 

and the equation in y will take the form 

in which ^S' is a known function of A and B, Henoe 



12. The actual expressions for — P and —J3' might be ob- 
tained from the equations 

-S'=:-Ji^@.(OP^-lQ)^ 

on putting Qsl. But if we avail ourselves of the knowledge 
which we already possess of the form of the expression fors, we 
may, by means of the principle of the equality of dimensions, 
elicit the results in question more rapidly as follows : — 

Observing that the expressions for P and are rational and 
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integral with respect to A and B, we see from the assigned form 
of the expreasiou for x that we must have 

T, U0, v-^ being certain numerical coefficients which will remain 
unaltered when we chaDpre the values of A and B, 

It is very easy to determine these constants. For, takmg 
BsOj the proposed equation will become 

BO that the expression 

must have the two values 

0. 

Let then 

and we shall instantly perceive that 

Lastly^ to determine v„ I take ^=0. There must now be a 
coincidence between 

which is given immediately by the equation x^-^-B—Q, and 

± v^viS, 

to which the general ezpreasion is reduced when ^=0. Hence 

Vj = — 1. 

Substituting the numbers thus found tor r, h\y t',, in the ex- 
pression for we recognize the well-known formula for the 
solution of quadratic equations. 

13. The method which we have been considering points out 
very readily the in ore ancient method of solution by completing 
the square. For it gives at once 

BO diat on going back one step we come to 

thus reaching the place from which we set out by the other 
method. 
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14. The next problem to be disciuaed is — 

To BQVATB THE TWO COBPPICIENTS A', B SIMULTANEOUSLY 

TO ZERO. 

The equations of condition here an; • 

3.(OP+1Q + 2R)'=0, 

@.(0P + 1Q + 2R)«=0; 
which, if R=l^ will evidently lead to a final equation in P or Q 
of the second degree. Could we therefore solve the equation in 
y, there would only remain^ in order to find to determine the 
roots common to the equations 

a?« + Q^ + P-y=0, 
when for y we substitute in succession each of its values, 

Development tn the case <»/ms=d. SoikUvm of cubic equations, 
Conyimrison qf the sohtim thus found with that of Scipio 
Ferrei and Tartaglia. Evolution of other methods, 

15. In the case of m = 3, in which the proposed equation ib 

we sec tliat the transformed equation in y will assume the 
solvable form y^-\-O''0 
If ther^ore we combine 

we shall be conducted, by the method of the highest common 
divisor or otherwise, to an equation of the first degree in ^, 

in which M and N are in general deternHuate non-evanescent 
functions of the known quantities Q, y. In effect*^ 

M=B-(P-y)-(^-Q)Q, 

N=C-(^-Q)(P-y). 

* Denoting by X8=0, Xs=0 the two equations in », the de^ees of 
^vhich are marked by the numbers 3, 2 respectively, we may manifeatly 
assume X,=KX,+B» 
where 

K=«+«, K=Maf+N. 
For, on replacing Xj by *'+Qj?-i-P— y, thei-e will arise the following 
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Accordingly, on designating by Mj, N„ by Mj, and by 
Mg, N3 the abbreviated expresBions which take the places of 
N when we write y„ y^, siiccesaively for the three roots 
of the proposed cubic equation will be represented by 

M/ M,' M,- 
It will be inBtmctive to compare these expressions for the 
roots with the older ones discovered by Scipio Ferrei and Tar- 
taglia, which, it will be remembered, are integi-al with respect to 
the coefficients of the proposed equation in sc, 

N N- N 
16. With this view, I shall first show that — vr-, —73=-, 

M, Mg Ms 

which, in the order of their occurrence, are rational functions of 
Vii y%> Vsf admit of integral forms in relation to these quantities. 

To express symbolically that M. and are functions of y^, 
n Imng susceptible of any one indifferently of the three values 

1, 2, 3, let 

we shall then have, by lollowing a known method, the very 
source indeed of which we seem here to have reached*, 

^preisioii for X3 : — 

+• +»Q +»(P-y) I 

+M +N 1 

which, atnce there are three indeterminate quantitiet can be 

made to comcide throughout its extent with 

the first member of the piOiKMed equation. 

la wlmt precedes, it it implied that when B=0, Xa=0, we efaall abo 
have X2=0. But of the circunistaoces under which £=0, and of the rela- 
tions which must exist among the coefficients A, B, C, in order that the 

N N N 

expremions for the roots — — — may, each of them, take the 

lonu jj, I reserve the consideration for another place. 

* See the reflections of Lagrange on the algebraical resolution of equa- 
tions, ill the Memoirs of the BerUu Academy of Sciences for the years 1770 
and 1771' 
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Agaiu, the product ^(y«) ^(^s) is a whole and symmetrical 
function of y^. Patting^ therefore. 



we see that ^(y,) ^(y^) will be expressible by a whole functiuQ 
oi i,u', and oonaeqaently^ as 



^ as well as x being charactenstic of an integral function of y,, 
and H being symmetrical with respect to all the roots of the 
equation in y, that is to say, rational with respect to Cf. 
In like manner we should find 



Whence it appears that 
may be brought to the forms 

•W* »(y«)> "(ys); 

in which o> is chsracteristic of a function rational and integral 

with respect to y^. 

17. The expressions at which w e have just arrived lead directly 
to the forms treated of by Kulcr and Bezout ; but wilhout btoji- 
ping to consider these, 1 proceed to trace the further changes of 
form which co(y^), wfj^^), (o{fj^) must undergo in order to coincide, 
on taking ^ = 0, with the roots of the equation a^+£a?+ CsO, 
as given by the Italian geometers : 



(y-yi)(y'+'y+tt)={y-yi)(y-y9)(y-y3)=y^+C, 

by a whole function of y,. 
We shall accordingly have 



M " H ' 




v^K- i/A, 
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Kj A being certain rational and intofjral fnnctious of the coeffi- 
cients B, and 1, t, the roots of the biaomial equation 

18. Now co(yJ is composed of tenns of the form gy^, where 
V is a positive integer, and g, for a fixed value of y, is a deter- 
minate function of B, C, not of course subject to the con- 
ditions of being whole and rational. Again, since yj^ss Cy^ 
^= — Cf/^ . • 9 it is manifest that for the series of terms y;;*^ 
SfilfSf * * v^i^ ^t presmt themselves, we may substitute an- 
other series in which none of the exponents of shall exceed 2. 
We are thus conducted to the equation 

where fi^, fiy, fi^ are all of them known algebraical functions of 
B, C, not involving y^. 

From thisi on puttings as is permitted, 

there will result 

.rg = //^ + ^V, + tf^o ^{^f 

and thence, since 0=— ^=;r| + ;)?2+^8==^/^ the expressions 

which ah ead y bear, as we see, very marked resemblances m iurm 
to those in 17. 

19. The question, however, is not, Are tlie two sets of roots 
of 1^ -\ /?;r+C=0 capable of becoiniiii; ultimately identical, but 
rather, iiy the evolution of what properties does such identity 
manifest itself. Let us then examine what takes place at the 
points of contact. 

20. Beverting to the three equations in 18 for we 
deduce 
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Now theae give, besides f^=-0, 

/*i'(-CO = (g)%»+*%+«?a)^ 

Hence, in order that the requisite identity may subsist^ the two 
functions 

which are whole and rational with respect to x^, .r^, x^, must, 
when a>{yj and y„ take the prescribed expressions, be respectively 
equal to 

K+^A, K-v^A; 

and must consequently admit of becoming the roots of a qua- 
dratic equation, 

{ar-(K+ VA)}U-{K-- v'A)}=0; 

the coefficients of which will, a:^ well as K and be rational and 
integral functious of B and C, 

21. With respect to K and A, we might, as before, by apply- 
ing the principle of the equality of dimensioos, find that in the 
present case 

K=-|C, A=iC^ + jVi^3^ 

precisely as they ought to be. 

And by the guidance of the same principle we might also 
obtain the expressions for K and A when ^ > or <: 0, and when 
consequently /m.^ would have to br rf tained in each root. 

But having in 12 fuUy explained the nature of the method to 
be pursued, I shall pass on to the problem involving the resolu- 
tion of equations of the iburth d^ree. 

22. We have now reached the point at which 

1 .2.. (m— 1) >in; 

m being here equal to 4. 
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The solution of biquadratic equations may, however, be made 
to depend oa that of the problem — 

To REDUCE THE EQUATION 
TO THE FORM 

as is manifest. 

The eqaattoDLS of condition for effecting the proposed reduc- 
tion are 

6.(0P+lQ+2fi)»=0, 
®.{0P+lQ+2R)»=0j 

for which 

1.3<iii. 
We thus see that if we designate by 

+/^m-2y„ + • . -f /^oy« S 

the equation to which we shall be conducted, as in the preceding 
investigation, by means of 

theooefficients /tm-i> /^m-s> • • ultimately depend 

on an equation of the thirr! degree in P or Q. To fix onr ideas, 
say Q. All the coefficients in question may therefore in general 
be considered as known quantities. If therefore yi, y^fffm be 
also known, as they will be when m=4, the expressions for x^, 
• * will be completely determined. 

Case ofm = 4f. Approach to Euler^s method. Ultimate forms 
Ofsumed by the expressions for the roots. EvobUi^n of the 
method 0/ Descartes and that of Louis Ferrari. Method of 
Lagrange and Vandermonde. 

When m^4i, the equation in y will, as has been already 
intimated, take the form 

and will consequently admit of being solved as a quadratic equa- 
tion. Nothing therefore remains in order to obtain the roots of 
the biquadratic equation 

a?* + iias» + + G» + D as 0, 
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but to put m=4 ill the general expression for x^t assigoing suc- 
cesuTely to ii the four values 1^ 2^ 3^ 4. Accordingly, we shall 
find 

24. Tht; solution of Euler has here come into view. I shall, 
however, be forced to postpone what I have to say with respect 
to that solution until, at all rvciits, 1 have (liscu:>sed the ullmiate 
forms which jc^^ a.^, ./'4 uissuine in coincuimj; with the more 
ancient expressions for the roots of an equation of the Iburth 
degree. 

25. On rcdecting that tlie four values of y may be represented 

by 

we ihill instatitly perceive that 

or^ which is the »ame thing, 

+(/*tt+;«oy*)y 

will, if we denote 

by a, by c, d, 

respectively, lead to the following forms for the roots of a biqua- 
dratic equation 



a, by c, d, i, all of them, in gciiciul, iidiiiiltiu^ oi being ex- 
pressed as determinate rational iimctions of Q. 

26. Such are the ultimate torins to which wc are in the pre- 
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sent instance conducted by Tschirnhauseii's method. That the 
coincidence spoken of in 24 can now take place, may, I think, 
be shown in the most striking manner by actually evolvinjj: from 
them, as if still undiscovered, the methods previously devised by 
mathematicians for the solation of the same problem. 

27. Let x^ and denote the first pair of the roots in question, 
we shall accordingly ha?e 

c + dvl 

wherein and would be similarly involved if the signs of 
the second members were alike. 

If, therefore, we square each member of cither of these equa- 
tions, and designate by 

the equation which will thence ariae^ this will manifestly have 
for its roots the two quantities Xi and 

In like manner, if we consider the second pair and 
shall find that they admit of being included as roots in the same 
quadratic equation 

L" and M'^difoing from L' and M' merely in the sign of the 

radical 

It follows, therefore, from what has been said with respect to 
a, b, c, d, 0, I, that the biquadratic equation 

+ + .Bay* H- Ca? + D = 0 

is decomposable into two quadratic equations without the aid of 
any equation of a degree higher than the third. 

This is the method of solution discovered by the illustrious 
Descartes. 

28. Further, if we observe that I/, M', L", M" are such that 
we may take 



1% 
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p, q, r, 8 being, in generali determinate rational functions of Q, 
we shall have no difficulty in ascending to the most ancient 
method^ that of Louis Ferrari^ which consists in bringing the 
equation of the fourth degree to the form 

Ct« + ax + ^f-y{x + 8)«=:0 ; 
where a, /j', y, 8 do not involve x. 

Indeed, this equation resolving itself into 

we may see at a glance what values must be assigned to ff, 
% B, in order that the two systems may coincide. 

29. With no less facility may we evolve directly from the ex- 
pressions in 25 the properties of those non-symmetrical functions 
of the roots 

x^oi^+x^^ (a?! + «8— «r4)*, 

which presented themselves to Lagrange and Vandermonde while 
separately engaged in deriving from the theory of combinations, 
a method that appeared subsequently to the time of Tschirn- 
hansen. 

30. We perceive that each pair of roots in 25 is composed of 
functions of the forms 

and that therefore either of the products 

will be of the form 
In effect, 

x^^^ia — b^iy' — ifd^ s^i){^c—dVi)^i 
or, as is manifest, 

Vf w being rational and integral functions of a, b, c, 0, 1 ; 
whence results 

Thus we see that the non-symmetrical function x^x^-\-x^^ 

c 
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may be expressed as a rational funetion of and may conse- 
quently be determined by solving an equation of the third 
degree, 

31. Again^ as 
we find by eabtractiou, 

from which, if we square both sides to free the equation from 
the radical sign, there will at once spring 

We have therefore arrived at another non-aymmetrioal function 
of the roots whieh is expressible by a rational function of Q. 

82. It is clear that the number of such functions might be 
increased. But Z must now proceed to the second class of trans- 
formations mentioned in 9. 

S3. Tschimhauaenf and after him Eulcr, took, as is well 
known, a series in y which did not involve any power of x 
higher than the (m— l)th ; m denoting the degree of the equa- 
tion in X. They did this to avoid the collapse of the series which 
would take place were a power of je in it to equal or exceed the 
highest power of a; in the original equation. No opening was 
therefore immediately visible to them through which to discern 
a general mode of counteracting the effect of the elevation in 
degree of tlie final equation when 

1 .2. .(m— 1) 

Is it certain, however, that an insurmountable barrier is opposed 
to the introduction of more than the prescribed number of avail- 
able indeterminates into the scries for y? la there no way 
through the collapse ? 

34* Let us consider the problem ; 

To TAKB AWAY THE SECOND^ THIRD, AND FOURTH TERMS AT 
ONCB FROM THE GENERAL EQUATION OF THE IIITH DEGREE. 

Supposing that 
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we shall have for the eqoatioiii of oondition, 

@.(OP + lQ-i 21i^ .. + xl>)^=0, 
© . (OP + IQ 4 2R + . . + XL)«=0, 
@ . (OP +1Q + 2a+ . . + XL)»»0, 

which leadi as we see, to a final equatkm of 1 . S • 8 or 6 cUmen- 
aioQB. Here then we seem to be stopped. Bat when the series 
for y rises to the fourth power of 4r, the difliculty may be eluded 
in the following manner. 

Mods of solution whbk 
85. Since in the equation fbr jr we are permitted to assume 
A=iO, B^O, it is clear that @1 and may both of them be 
made to ▼anish*. Hence on considering that the first two of 
the equations of condition tnay^ when Xcs^^ take the forms 

^1 Q + 
@ . (OF + -f as +4T)^=0, 

^ei .(0P + 2R + 3S + 4T)' Q + 
@.(0P+2B+3S+4T)«=0, 

we shall perceive that Q may be completely detached from both 
these equations if we deterraine P, K, S, T so that 

@.iOP + 2tt+3SH-4T)»=0, 
@1. (0P+2B+3S+4T)'=:0, 
®.(0P + 2R-»-8S+4T)«=0, 

where the product of the iiuuibers which mark the dimensions 
relatively to P, R, S, T is only 1 . 1 .2 or 2. 

lu this way, without resolving any equation of a higher degree 
than the second, we shall have 

B'=OQ« + OQ + 0. 

And Q, which as yet, therefore, is wholly undetermined, may 
now satisfy the cubic equation 

©.(0P + lQ + 2ll + 3S + 4Tf=O; 
« See Artidet 3, 6. 

c2 
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that IB, 

8(gl . (OP +8R+ 8S +4T)« Q+ 
(S . (OP + 2R + 88+4T)»«0 
thus fulfilling the third and lust cundition^ 

86. It may eaaily be shown that P, Q, T, y will none 
of them in general aasome the form 

Q 

(l-l)H' 

where G and H arc integral functions of the (m— 2) arbitrary 
coefficients C, D,.. V. 

Betoming to the equations in P, R, S, T, we see that the 
first of them will be reducible to 

@.(0P+8S+4T)=0, 
since e)2 = 0. We may also perceive that the second equation 
of the group will become 

@.(3R+4S+6T)=0. 

For since @tv = ©t^u — © (t + v) *, it is evident that the coeffi- 
cients of P, R, S, T in 

61.(0P + 2R+3S+4T) 

may all of them be derived from the expression 

@l®w-®(l+v), 
on taking i; succeasively equal to 0, 2, 3j 4 ; whence 

@1 . (OP + 2a 4-3S +4T) = -@ . (3R +4S +5T), 
@1 being equal to aero. 

• The truth of this propositum will be manifest if we bear in mind that 
@TV, ®r, ®(r+v) are the symmetrical functions composed of termt of 
Hie forms t^u^t ft respectively. In effect, 

^(i''W+.. )(*•+••+..) 

+l*'a«'+ii''l*+... 
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Accordingly we shall have 

B--(g3@.(*8+6T). 

We conclude, therefore, since we may assume T=l, that neither 

Pnor E willbeof thefom., ^^^w* unless She of that fomi'. 

[I — ijn. 

SuDstituting now these expressions for P and E in the 
equation 

@.(0P+2K + 3S + 4T!^=O, 

the first memher of which is an integral function of F> K, T, 
we shall obviously be conducted to a quadratic equation in 8 
with determinate coefficients. This equation I shall represent by 

«S« + 2/9ST+7T«=0; 

a, 7 beinc: fertain rational functions of C, X), . . F, free from 
evanescent, denominators. The expression for S will conse? 
quently be 

a 

Unless, then, « be equal to sero, S will not take the form 
Q 

(i-i)h; 

Now since, in order to obtain a, we need not consider. the 
whole development of the function @* (0P+3B+3S+4T)*, 
but only that part of it which is affected with it is clear that 
if we assume 

assignin'j: to p,p^,rjr' mvh values as are dcducible from the 
expres.siuiis previously found fur 1^ and 11, we shall obtain a by 
merely writinjj: p and r for V aud U respectively, 1 for S, and 
suppressing the term 4T. Hence 

«=@.((V?+2r+3»)*, 

where 

@3 _ @4 

^" ©0' SO' 

* The exceptional casc uf C=0 will be considered hereafter. 
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Further, if we expand @. (Qp+9^+3«)* according to the 
descending powen of 9, the expression for a will become 

©3' + 2©3 . (Q/. + 2/ ) s-j-e-iOp^ 2r)«; 
or Since ©0=»i, ©2=0, 

2{(m-l)@8p+(-S6)r}f+ 
l»(m— (— ©4)r«; 

Irom which, on eliminating p, r, s, there will hnally result 
«--(@3) +2-^ 

a cannot therefore vanish without iuducing a rclatiou among 
the coeificients C, D,*, V, 

Having thus shown that S will not assume the form tt-^vT^' 

it will immediately be seen that Q and y, us well as P and K, 
willy exclusively of particular cases, be all of them determinate 
in value. But before proceeding to the collapse, I wish to say 
a few words on equations of the fifth degree. 

Bemarkable form to which the general equation of the fifth degree 

is reducible, 

87* It is evident that we may take for the transformed equa* 
lion not only 

y*+0+0+0+Z)'y"-^, + C^V+ V^O, 

but also 

since tlie nujthod we have been considering, which consists in 
dctacliing Q from A' and B', will enable us to satisfy -4'=0, 
B'=0, iy=-Oj by merely substituting the biquadratic equation 
Z>'=0 for the cubic C'=Ojas our final equation for determiningQ. 
Again, from these two equations in y there will apring, on 

putting y= ~* other forms, 

ir« + . . +0+ ^i^+O+O-h =0. 
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Whence it follows that the solution of the general equation of 
the fifth d^;ree reduces itself to thai of any one of the trinomial 
eqnations^^ 

a result of such a character as may well shake our trust in the 
validity of the conclusion come to by mathematicians of the pre- 
sent day^ — that it is in general not possible to solve algebraically 
equations of the fifth degree. 

CoUapw of the teries for y in the etm of inB»4. 

38. Let us now observe what takes place whcm m=49. 
The series for y may here be reduced tu 

y = P + Q'x + R'a:« + S';ir8 ; 

la which 

F=P-TZ>, Q' = U-TC, 
E'=B, S'=S; 

since the proposed equation in x gives j?*^ ^Cx-^D, 

The equations of condition i4'=0,-^sO, C^sO, will accord- 
ingly become, if ^TC=qt 

©.(0P' + l[Q+7]+2R''+3S')'=0, 
©. (OF+ILQ + ^^J 4-21l'+3S')«=0, 
©. (OF+1Q'+2R'+3SO^=0. 

Hence as Q cannot be detached from the first and second of 
these equations^ by the method in 85^ without being accompanied 
by q, which is similarly involved^ we shall find^ in arriving at 
the forms 

OQ+OsO, 

OQ«+OQ+0=0, 

that we shall be conducted to three homogeneous equations 
between the three quantities P', R , S'. 

* The first of these trinomial equations appested in Part II, of my 
' Mathematical Researches,' in the year 1 834 ; the second, third, and fourth 
in a subsequent Part. They are now well known. See Sir W. R, Hamil- 
ton's iDquirv on the subject in the Sixth Report of the British As«opiation 
for the AdvancLiiu'iit of Science: also M. Serret's ' Cours U'Alg^bre 
Superieure,' Note V. 
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We must therefore have in general 

P'=0, R'=0, S^=U. 
The cqnatioD C'ssO will now give^ except when ©1^=0, 

Lastly, from y^-r D':=0 there will result 
Thus the equation between x and y, 

y=P'-f Q'.t -|.R'a:2-|.S'a-^ 

will, unless the coefficients V, Z) be subject to certain couditionSj 
resolve itseli' into 

0=0 + 04r-i-0ar« + 0a^ 

39. \V'e may verify this, by showing directly from the express 
lions obtained in 36 for li^ S, that when ]r^<^ the series 

will become a multiple of the evanescent fuuetiuu 

In effect, 20, y, the coeffidents of the quadratic equation 
between S and T, may, as is manifestj be universally defined by 

« = v5.(0p + 2r + 3s + 4/)«, 

. (Qp-f 2r+3«+40(Q?>' + 2r'+3* -f 41')* 

With respect to the quantities here involved, r, s are already 
kaov\-n; p'f differ from p, r, by having in tlieir numerators 
i54, ©5, for @3, ©4, respectively ; like s is etjual to 1 ; and 
/, s/y which have been introduced merely for the purpo.se of ex- 
hibiting the symmetry of the calculus*, are both of them equal 
to zero. 

* We may see beforehand, without ^oing throiigJi any calculotions, that 
in the coeflRcicnt of S' tht quantities p, r, s, < roust be involved m precisely 
the same uianuer as are P, R, S, T in the origiual function. A similar 
remark with respect to p', r , s\ l\ is apphcable to the coefficient of T*; 
while the coefficient of ST must be such aa» Abstractedly of the namerieal 
coefficient 2, to coincide mdiffierently with the coefficient of or that of 
T^, when p', r', t* are equal to r, I in the order of their occurrence. 
Indeed we may eanly see, that if in any rational and integral function of 
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From what has been proved of a, it is clear indeed that we 
must have 

i»-'{(@8)»-iw@6} + 

2(@3)"'64S5- 

m~ ^ { ^3v54 — m\B7 } + 

(@3)-'{@4e6+(@5)«)- 

(©3)-^@4)*©5, 

7= 

2(;?3)"'v55e6- 

(@3)-'e4(@5)«. 

Now by means of Newton's theorem, 

we abal] findj on taking A, B, G severally equal to zero, 
that 

Id the case, therefore, of the biquadratic eqaation, 



the nth dej^rt-e \vith respect to v cpiautities »i, Mj, Wj, . . «», desiguattfU Uv 
Umi» ««• • • put u^=fl^c+6j^ii?, we shuU have 

f(«lf «t»..«r)"«*+ 

»r1[ai. At. . . n;f-\bu . . 6,)» 



ft theorem which will often be found useful. 
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the expreiiHioiia for a, ^, y will become 

-8-» X 4-»(@8)«-(@3)-*(S4)», 

i9=(3-'-f •r')(l-l)53»54, 
7 = 4-\l-l)(e4)«. 
The equation between S and T will thus contract into 

whicli will gire 

except for that particular relation between C and 2> which cainea 
« to vanish 'I'* 

Again, from the equations for expressing P and R in terms of 

S and T, we obtain, when S=0, 

P=DT, K = 0. 

Further, if we subtract y=P + Qa:-|-IU-* + Sar* + lV from 
0= T(i>+ and make the requisite substitutions^ we shall 

find 

(TC-Q)«+y=0; 

and therefore 

(TC- Q) (a;, 4- «r J + yi + ^(^^=0 : 
whence there will arise, if « = — 

^9 



(TC~Q)(x.-ga,)=0. 



Accordingly, except when we are unable to select or, and 
so that the second factor in this equation shall be diticreul iiom 
zerofj we niust have 

TC-Q=0; 
* The actual expression for m in terms of C and D is 

as will be msatfest on observing that in the present instance 

@3=:-^r. e4=-4D. 
t The only case lii w hicb such a selection is not possible is that of CwO. 
For, there must subai»t 

uuce ^4, which are sup|)08ed to correspond to x^y x^, respectively* 
may, in an undetermined order, the Bxing of which would define ifc, be re- 
presented by V^y„ ( 
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and ooDsequently 

We oonclude^ then, that unless either 

or 

the equatiuu 

will^ in tlie caae under diteiiwion, be identical with 

0 ^ T (Z) Or + Ojk « + Oar* + a:*) . 
Let US flee what occurs in passing through th^ ooUa|itie. 

MoP£ OP HOLUTION WHEN X=:3. 

40. Takiug for the equations of condition 

@ . (OP + 38)* «0, ^ 

@.(0P+1Q+2R43S)*=0, I . . . . (e) 

©.(0P+1Q4-2H + 3^5/^=0; i 

and expanding them, as before, according to the descending 
powers of let 

ei.(0P + 2li + 3S) = O*; 

then, on eliminating P and the second of the equations (e), 
whidi is such as to become aS*=:Owhen DsOf^ must^ when b 
is indeterminate, present itself in the form 

2DQ+«S«+2bOS+cO«sO; .... {^^) 

in which h, c are rational Junctions of V, D,,,V, the coefficients 
of the c({iiati(>a in u-'. 

It may he proved vci*y readily, that both b and c will iu 
general be diifereut from zero. 

* 0 is the Hebrew letter Mem. 

t As T is here equal to zero, the equation aeS' + 2/3STH-yT'=0 is reflu- 
cible T<i aS*=0 irrespectively of auU y, which, when m>'4, are in 
general non-evanescent. 
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In effect, if we observe that 

®.{0P+1Q+8R+3S)«= 

0Q« + 2DQ + © . (OP + 2K + 3S)«, 
we shall find, if ?=pS-\-pP, R=rS +r^D, 

b»@. (Qp+iJr+3»)(C!p,+Slr,), 

1 

the new quantities being respectively equal to 0, — g^. 

Whence it appears, that, unless certain assignable relations 
exist among the coefficients of the equation in j?, both b and e 
will be composed of finite non-evanescent factors. 

Reverting to the equation {e'^, let us now take 

and we shall have, on eliminating Q, 

2IDQ + aS« + 2b'OS + c'D«=0; . . . {e"^) 

an equation which is of the same form, indeed, as the preceding 
one designated by but which involves two additional inde- 
terminate quantities and <r. In effect^ 

We see, then, that the equation (c'j) may be reduced to the 
binomial form, 

2D^+«S«=:0 (eWj) 

by assigning such values to <t and as will nmlce b' and c' vaniNh. 

Again, if we eliminate P, R, and Q from the third of the 
equations we shall arrive at a homogeneous equation of the 
third degree relatively to,D, g, and S, 

Jf\0, 5, 8)»=0, (fi'j 

where F is indicative of a rational and inte«^al function. 

It only therefore rcnunns to consider under what circum- 
stances we can satisfy the smiuitaneous equations (e^'^), (^a). 

Of the applicability of the method f» the ease o/m «4. Deciim» 
position of the final equation of the sixth degree considered. 
Nature of the confidents of that equation, 

41. Now if, assuming S=l, we designate by 
Os+B,0*+BJD*+ . . +Bc=0, 



Digitized by Google 



tbchienbausbn's method. 



29 



the final eqaBiian in 23, and by 

that in 9; we may without difficulty perceive that, when m^4, 

B.=C. 



n I 



n being equal to any number in the aeries 1, % 4, 5, 6. For 
let 

then, since by the equation («"'£), 
we must have 

there being uothinL' in the nature of the proce.s.s to itnhvulii.ite 
from the rest ativ one of the six values of whicli, as we know 
beforehand, Q is susceptible ; or any one of the six sets of values 
of from which springs 0 ; so as to fix g and D*. 

* b peifeet Moordance with thiSi if we take, as Lagnmge has done, 

+ ,H Q^i + P = - y „ 

and oomtnne theie equations to as to eliminate yi and P, there will reiult 

(xi + ars— «,-X4)Q4- 

[«,-«i,-».(»,-«4) V^1]Q+ 

(,^-,^t) VZ1]R+ 

which will give six- valued forms for Q and R in terms of x„ x^, 94. 

And we shall seemingly arrive at a six-vahud expression capable of being 
made equivalent either to q or /tD- l^i't ^"^'^ must not conclude, whatever 
may be tiie result wiien m=4, that when »i>> 4, if we eudeavour to obtain 
a function of x^, Xg, . . which sliall represent indifferently q or j^, no 
equation of condition w31 steal in to interrupt the prooeas. 
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It follows, therefore, that the first members of the equations 

must be identical. Now in order that the correspondtng eoeffi- 
denta in these equations may be equal, they must all of them be 
comprised in the expression 

on taking v successively equal to 5, 4, 3, 2, 1, 0. But D and q 
are involved sjrmmetrically in the equation (e^'j). There must 
accordingly exist a parallel system of conditions derivable from 
the equation 

Hence it is manifest that the roots of the final equation in D 

or g will be expressible by 

9i9 9» 98» Di> Ds) 

while 

P, Q, B may consequently all of them be determined by re- 
solving equations of the first, second, and third degrees. 

4fd. It will be interesting, however, to examine the way in 

which the decomposition of thei equation in D actually takes 
place. 

Observing that 

it is clear that ii we put 

we shall be conducted to an equation of the second degree in D, 

D*— tt,D— i«ss:0, 

which must be a dn isor of 

D6+B,0^+B^D*+..+B«=0. 
With respect to u^, it is a root of a cubic equation which I 
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shall deugDEte by 

ti»+Ditt»+D«ttH.I)s=0, 

J)^, D3 being expressible as rational functions of Bj, B^, . . B^., 
and therefore ultimately of C,D,.. V, the coefficients of the 

equation in sp. 

If, in effect, we put 

and thence (41), 

the six values of which u, a rational function of D, is susceptible, 
willj since we arc permitted to take D^, equal to q^, q^ 

respectivelyj admit of being represented by 

^'"25^' °*~2s;' ^••"sp;' 

^2t\'^^'* ~25,"^®«' ■"2D7"^^' 

Wherefore the equation in u, although it will rise to the sixth 
degree^ will be of the form 

composed of two equal cubic factors. 

Hence it is manifest that tiie equation BjD*^+ . . = 0 is 
capa}>le of being split into three quadratic equations, in each of 
which the absolute term is equal to —^et, and the coefficient of 
the first power of D is a distinct root, with its sign changed^ of 
a cubic equation, the coefficients of which can be expressed as 
known rational functions of those of the original equation in «. 

43. I have not as yet shown how to deduce from the expres- 
sions in 41 the relations which exist among B„ B^ . . B^. 
Setting out with 

C«=B„, 

we obtain at once 

from which mrill arisCj on writing 6— n for n, 
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Again, if we multiply the corresponding members of these, 
equations together^ the result will be divisible by so 
that we shall have 

and therefore 

being a root, not yet fixed, of the equation ^p^— >1=:0, 
Eliminating Bgfrom the fundamental equation in B^, we shall 
thence find 

if 

as will be manifest on tsking n=8. 
We must accordingly have 

B.= (^)-'B« 

B.= (:^)"\. 

Bq being equal to I. 

44. But are these equations homogcueous with respect to the 
roots of 

If they are not, the method just given is not directly applicable 
to that equation, the coefficients of which, C, D, are supposed to 
continue arbitrary. Taking, however, 

and subjecting the equation 

to the method in question, we ahall find, as might easily be 
shown. 
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»»=(^)"'-*».' 

in which the homogeneity is undisturbed. 

Still it may be askedj Cau this system of equations be satisfied 
without inducing any relation between C and J) ? 

Defemng for a time the discussion of these questions^ I pro- 
ceed to explain another method which may without difficulty be 
seen to be applicable to e?ery biquadntie equation. 

Aolated method for effecting the reduction of any equation of 
the fourth degree to the binomial form. The final egwUion, 
Change which takes pkee in the atrtteture of the esepremom 
at the colkgfte, 

45. Let^ as before, 

denote the equation in .r. Then if in the subsidiaiy equation 



we wnte 



sucoessively for x, and 

for y, and combine the resulting equations so as to c^iuiiuate 
and P, we shall> as has been observed*, be conducted to the 
equations 



* See note, p. 29. 
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We might therefore, following in the footsteps of Lagrange, ex- 
press Q and R as non-synimetrical functions of the roots x^, x^^ 
x^j ; and thence by means of the theory of combinations de- 
ternune the nature of the equations on which those functions 
depend. But without the aid of a theory^ the elucidation of 
which iu its application to equations is reserved for the next 
chapter, we shall be able to derive from Tuchimhauaea'B ooethod 
all that ie reqaieite for our present purpose. 

46. It is clear that we may assign to a;,*, x^, x^, a?/ and to 
Xi^f ^4 systems of expressions of the same type as that 

in 25 fin* sf^ x^. 

In effect, when n is any integer, we can make 

a?I=fl„-6„ -/T-(c„-(/„ ^I) i/I, J 

^> (^m 4» ^ciiig integral functions of i7, b, c, d, S, I. 

Nothing therefore is easier than to see that the coefficients in 
the equation («|) will be included under the form 

and those in (^g) under the form 

Hence if we denote 
by 

respectively, the equations between Q and 11 will be reducible to 

(K + L v^~l)Q + (K, + L, in )R + + V~l = 0, J ^ 

in which b, bq, bf^, K, K^, K^, L, L^, L3 are known functions of 
the coefficients A, B, C, D of the original equation m x, 

4i7* In the system from which these equations between Q and 



Digitized by Google 



R have been derivedj 

oorrespood with 

in the order of their occurrence ; but a system differi ng t Voni 
the preceding one merely by the interchange of + V^— 1 and 
— V'— 1 OTj whieh is the same thing, by that of 4^3 and 
would give 

(K - L ^^)Q + ^^K^ - La ^^)B + Ka - La = 0. J " 

48. To remind us of the separate existence of the two systems 
from whieh spring (e) and {^), I shall annex -f- V^^l as an 
index to the functions designated by Q and R in the first systeroj 
and — V^— 1 to those in th« second. 

Thus, if we confine our attention to R, we shall have 

* VK^+Lv'-l)-6(K«+LjV'-l)' 

R J MK- LV^3Y)-^Z>(Ka-L3V-3T ) 

^" 64(k-Li/-l)-^(K^-L,i/-l)' 
the expcesion for R^v^ being derival le from that for R^.^ by 
writing throughout each part — m^^^ for -|- v^^^. 

49. It may now be seen that the coefficients of the quadratic 
equation (R- R^. ^zi)(R - R. ^) =0 

aie rational fhnetiona of a, c, d,%,\. 

in efieet, we bring the numerators and denominators of tht; 
expressions for R+-/ri and R_-/— i to the form « + /^ V~\ by 
assuming 

there will maniiestly result 

R+^zTxR_,/ri= 
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60. Again, as we can put 

where /q, i\, Mq, Mi are free from compound radicals, it is clear 

that the functions 

may be expressed by 

i^oS/(®+ i/r)«+w,V(e- vr)« 

in \\'liich the numerators and denominators severally belong to 
the class 

V and 10 being rational functions of a, b, e,d,^,l: as will be 
evident on considering that + vT and — VT enter symmetri- 
cally into the calculus. 

51. We are thus brought to an equation of the form 

where f and rj are rational functions of a, b, c, d, 0, L 

52. Lastly, since a, b, e, d, S, I all of them in general admit 
of being expressed as determinate' rational funetiona of (i (the 
point over the letter serving to distinguish it flrom the Q in the 

present series for y), we see that if we denote by Q,, Q.^) Qa tbe 
three roots of the cubic equation m Q, and by L^y, ^o, ^3, Vi, Vq^Va 
the corresponding \ alucs of ^ and 17, the equation of the sixth 
degree in R will be decomposable into 

(R« + ^,R + iy,)x 

(R«+{iR+i?8)=0; 

which differs essentially in structure fi-oiu the ti 11 al equation in 35. 
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53. The problem which 1 intend now to propose for discussion 
is one the solution of whick would embrace that of equatious of 
the hfth degree. It is 

To REDUCE THE EQUATION 

a?" Dx^-* + -I- . . + TssO 

TO THE FORM 

k BEING ANT NVMBBICAL CONSTANT'I'. 

Writing for greater symmetry Qq, Qj, Qj, . . Q;^, instead of 
Q, . . L respectively in 

we immediately perceive that the equations of condition which 
must be satisfied in order that we may have 

will be 

@ . (OQo + IQ, + 2Q4 + . . + XQx) > = 0, 
& . (0Qo+lQ,+8Q4+ . . +XQx)«=0, 
S . (0Q« + IQ, + 2Cl, + . . + XQx)^ - 
1.2. 3ifc[S . (OQ0+ Wi + 2Cig+ . . +?^QO*]*=o. 
Now if we expand the first two of these according to the de- 

* When ms=5» i=f , the equation in y will become 
tiie roots of whidi may, ta De Moivre has shown, be rquresented thus : 

4» i^K+^A+t* V^K- -/a, 
V^K+ \/a+i«\/k— \^A, 

K, A being defined by 

E' ( E'Y . (B V 
end 1, c, «*, being the roots of the binomial equation 
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■ceudilig powetfft of Qt or there will result 

0Q+ 

5 . (OQ4, + 2Q« + . . + XQx)* 

and 

3@1« . (OQo + 2Q« -f . . + XQx) ' + 
8©1 . (OQo + 20, + . . + XQx)« Q + 
(S. (0Qo+2Q«+ . . +xQx)«=Oi 

Si aud l>*'ing both of them evanescent. In order, therefore, 
to detach Q, as before, we must be able to assign such values to 
Q^y Qg, . . i^A as will satisfy the equations 

6. (0Qo+2Qg+.. + xQx)^ = 0, 

@V. (0Qo+2Qt+ . . +A«x)*=^>* 
61 . (0Qo+2Q«+ . . +xQx)*«0, 

@ . (OQ0+ 208+ . . + >^0x)'=0 ^• 
where the product of the numbers which mark the dimcnsione 
xektively toQo,Q9..Q\x8l.l.2.3, and is therefore greater 
than 4^ the hl^eat number which is adouMible in our present 
inquiry. The difficulty may^ howeTer, be overaome. For if, 
assuming 

Qx=*flxM + ^, 

we express the first three of the equations in Q^, Q^, . . 0^ <^ 
functions of . . oXi ^s* • • ^ ^> 
@ . (Oiio+2ff«+ . . +Xax)* M + 

©P . (O60 + 2^8 + . . + xAx)> =0, 

SI . (Offlb+ 2fl« + . . + x«x)* + 
2®1 . (0flo+3ff4+ . . -f X«x)H0*o+J^9+ • • M + 
©1 . (06o+26g+ . . +\6x)*=:0. 

Accordingly if, as is permitted, we give such values to ff^ . 
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^ ^ . . that they may adniit of beinf^ arranged in the two 
diviaions or groaps, 

I. 

II. 

©1 . (H + 2a«+ . -f\ax)H0*o + 26«+ . . 
Si . (0*o+a6t+ • . +X*x)*=0, 

the final equation for a^, a<^, . . being of 1 . 1 . 2 dimensions, 

and that for . . (?>x of 1 . 1 . 1 . 2 ; then M will be detached 

from the three equations in question^ and will consequently be 
wholly free on entering 

that is to sayj 

III. 

e . (0flfo + 2fl,+ . . +>^x)* + 

3© . (Offo + 2aa+ . . +X/Zx)*(0*o + 2<^2+ • • + M«+ 

© . (0*0+2*9+ . . +\*x)*=0, 

the last of the equations which do not invoke Q. 

Thus we see bow, without resolving any equation of a higher 
degree than the third, we shall have 

i4'=0Q+0M + 0, 
C'=0Q» + (O]VH-0}Q« 

+ (OMHOM+0)Q+0. 

And as Q may now be detennined so as to satisfy the biqua- 
dratic equation 

IV. 

© . (OQo + IQ + 20, + . . + x.Qx)' - 
1 . 2 .3A[@ . (0Qo+lQ+2Q,+ . . +XQx)«]«=0, 
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and therefore 

it is visible that the transtormation we are considering may be 
effected by means of equations of the first four degrees. But it 
remainft to assign suitable values to X. 

NON-OCCITBItltNCEy SXCKPT IN PABTICrLAB CASXSy 01* THB 

FOBMTj WHBN X=6. 

54. RetamiDg to the first group in which are a,, . . ax, 
let us assume 

wc shall then have fuur indeterminate quantities for satisfying 
the three homoj^eneous equations there involved. 

Now on combining the first and second of these equations, 
and supposing for the moment that 

No N« 

we may perceive that Nq and will both of them belong to the 

class 

<i> bt nig: f xpressive of a rational and whole function. 
As lor D, It can be made to depend on the equation 

Ds@0@l'2-@2@1'0; 

the order of the tmns fixing that in and in N,. Hence D is 
in general difieient from seto. 

If therefore we reflect that ^a^7=6«©/8^— g«@08+y) 

— 6y9@(« + y) - e76(« + )8) + 2i5(a + )S4- 7), we shall see 
without difficulty that the final equation of the group will fall 
under the form 



and will consequently, exeept in particular cases^ contain at least 
two terms witli non-evanescent coefficients. 

In effect^ the coefficient of a^^ being of the fonu 
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where g is coiiipr)secl of symmetrical functions of lower dimeil* 
sions than and that ot a^a^ of the form 

where A is^ in like manner, compoied of Bymmetiieal functions 
of lower dimeniiifme than (58, it follom fipom the principle of 
the equality of dimensions, already so often referred to, that we 

cannot have 

without inducing relations among D, E, V when m >. 9** 

* Generally} ia onler that there may subsist the equation 

Fand Zmuot he of the saoM dimcaiions. Or UHng the ehincter (I for 
dimensionSt we most have 

I. ar=ffz. 

Continuing thus to embody in a ealculus our ptmisiy ideas comieetedwith 
the notion of equality, we perceive that 

if 

I'. (7r=aviscr«9sasss . . . 

if Z^Z\Ztz% . . , 

I* aY-([',+az^-\-az3-\- ... 

Hence m the general equation ot the mth degree, 
we must have (I.) 

From the first of these equations we deduce (!".) 

ma«saii+(m-i)a«. 



therefore 

Qae 



Similarly we find, 



— — • • 

ax Qx 



Comparing these results with 

~7Z — 
Q.m Q«B 

and observing that all symmetrical lunctioDsof the roots are intqpral fiine- 
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55. Putting now X=r> in the next group, and pursuing a 
method aaalogous to that just explained^ we find that ^ ^ ^ 
will all of them belong to the class 

where '<!> designates a determinate function. Oq, . . a^, euter- 
iiiL' intu this group as known quantities, are not indicated in the 

expressiou. 

We see too that the final equatiou will here be of the form 



tioDS of the coefficients A, B, C, . . V, we perceive why A only ean enter 
into the esfitesaioD for ^1, A and B into that for <B2, and so on* 

Having arrived at tlie idea, derivable from Newton's theorem on the 
siHTis of the powers of the root8> that eac)i synimctncal function m the 
senes (2k, ^{k—\), . . ^^2, v?l, @0 will, wheu m is indeterminate, contain 
a coefficient of the original equation which does not enter into the succeed- 
ing function, we diall have little diflBcn% in attaining to Ae denumatratioii 
of the foUowing Lemma. 

JVo Q^febraicai ^^pirmnon that is composed of tffmmetrical functumt 
fk» root* 1^ ikB gmmit eqtmtkih ihte mth dggre§, and w q^lAe claM 

Mm-n ©(*-2), ..»5i, @o}(©ifc)'-'+ 

canbeeom» equttito gero wvtimU aammsi the form 

0(<Sit)'»+0(@it)"-'+..-fO. 
CoroUary. A similar inference may be drawn req»ecting the fiyuiction 

,^{@«'i8v.., ©•w..,..}((aifte..r+ 

when 

a» will readily appear on considering that 
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So that we can assign wbate?ar non*fef«ae»ceat value we please 
to bg, and then obtain a detenninate ezpiession for 6^ if 'D is <iif- 
foreat from zero. 

That D will not in general vanish may be shown thus. In 
the equation by which it nwy be defined, 

{@0®W-®SJ®1«0}@1 . 3 . (Oao+ 2a,-f- . . +4fl4) + 
{@l«0ig3-@0@r3}@l . 2 . (Oao+2fl«+ . . +4^4) + 
{®l@ra-@8@l%}@l . 0 , (Oao + 2% + . . +404)1 

the highest symmetrical function immediately involved is @1 .3.4; 
we perceive, therefore, that if D^O, we should, on eliminating 
md Oq, be Gondncted to an expression between and ^4 into 
which no fanetion higher than @8 would enter, In opposition to 
what has been proved in 54, where the equation between ir, and 
04 involves the symmetrical function @9. 

56. Having reached this point, we may see at once that when 
X=6, the series for y, 

will in general be a determinate non< evanescent function 
of X. 

Of the possibility of eluding the collapse which takes place 
when m falls below 7, 1 shall have occasion to speak in another 
place. 

57. The fbllowing problem, the solution of which would in^ 
volve that of equations of the sixth degree, 

TO RBDtJCl TBS SQUAtlON 

TO TH£ tOtM 

belongs to the same cbss or family as the last. 
In foct, if, according to the pattern in 54> we mftke 
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fle-0, 

and determine a«> . • <>4, 6o> • • ^e* Q« ^ ^ manner 
that they may admit of being distributed into the divitionB 

I. 

(5.(0«o+2a2+ ..-h4fl4)»=0, 
@1« . (0^0+ . . +4fl4)» =0, 

@l . «K+2«»+ • • + W=^> 
II. 

©1. (0*0 -♦•26,+ . . +e*e)«=0, 

' III. 

IV. 

wc slmil have from the equations in I. II, III., 

e'=0Q»+(OM+0)Q« 

+ (OM« + OM + 0)Q+0, 

and from the equation in IV., 

It will be seen also precisely as before, that the series for y 
will in general be a detcrminaU; uoa>cvaue8Cciit functioii of 
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Collapse of the series for y in the ease </ma6. 
58. Wheu f»=6, we have 

which necesftitates « coUapse. Novr from what haa been said in 
diacussiiig the problem of taking away the aecondj third, and 
fourth terma at once from the general equation of the mth degree 
in the analogous case for the resolution of biquadratic equations, 
we are led to infer that when the equation in x here becomes 

the one between y and x will, in consequence of the collapse, 
present itself in the form 

59« Let us see how this result may be deduced from the equa- 
tions themselves on which depend a^y a^t . * b^^, , , Ml, Q, 
Assuming that the collapse induces 

*6 = 0, 

we perceive that there are still five quantities, bo, b^ b^ b^y b^, 
for satisfying the four homogeneous equations in II. But if, 
observing the similarity in form of the corresponding equations 
in I. and 11., we take 

b^=^a^-\-b\, 

it will be manifest that the equations in 11. will become* 

^ . {2h\ -f 3A'3 + . . + bh^y = 0, 

®1 . (Offo+Sfls-f . . •¥4a^y(2b\ + Zb\-j- . . +6^J»=0, 
* Thui 
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in which the number of tbe qumtitie» to be dfitenniiieclf ^^ai 
6 49 6s» ^ reduced to four. 

Henoe^ excliuivdy of particular cases, 6"^^ ^"31 . . and tbere- 
ibre bf^b^,. 65 most sevmlly vanish. 

We now have 

Qo^OqU, il,=a^U, Qa^flgM, Q4=ff4M, Q5=0. 
Tbo equation in III. may accordingly be converted into 

Except, therefore, when @. (0flb+8a8+.«+4<i4)^^0, M will 
vanidi, causing at the same time the evanesoenee of Qqi Q^. 

And since, on making the requisite substitutions, the equation 
in IV. will become 

Q, as well as . . Q^, umst iii general be equated to zero. 

Adjustments to meet the collapse, 

60. In the first and last of the divisions we need not make 
any alteration in the arrangements. But as we can no longer 
completely detach M, we must take the equation from which 
spring the third and fourth of the equations in II., 

+@1 . (a6o+2At+3fi^+ . . +66g)«=:0, 

into the third division, equating and b^^ to zero. 

If, therefore, as iu the analogous case in 40, we designate the 
coefficient of M by 2D, we shall merely have to consider the equa- 
tions iu the two following divisions instead of those in II. and 
III., 

II'. 

©l«.(2A,+3A3+..+665)»«0, 

uv. 

2DM + ©1 . (2*2 + 3*8 + • • + ^hV = 
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What the nature of the lesalt is to which the method leads will 
appear in the sequel. 

61, I might go on to show how, by solving a certain number 
of equations of the first, second, thirds . . (n— l)th degrees, to 
attain to the solution of the simultaneous equations 

S . (OQo + IQ + 2Q« + . . -f xQx) ' = 0, 
© . (0Qo+ IQ + 2C^ + . . + XQx)'=0, 
S . ((Klo+lQ+2Q,+ . . +xQx)*=0. 

• 9 • • S • 

® . (0Qa+lQ+2Qt+ . . +XQxr"=0, 

when a suitable value is assigned to X. And iL iui«:ht be proved 
that till m = X, the scries for y would in general be a determiimte 
non-evanescent function of x. But it is time for us to retrace 
our steps to equations of the fifth degree. The method of 
Tschimhausen now merges in that of Lagrange and Yander- 
moude. 
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CHAPTEK II. 

Indications affobdbd by tbe Method op Lagbange and 
Vandebmondb op thb possibility op passing the limits 

WITHIN which the RESOLUTION OP EQUATIONS HAS 
RITHBBTO BEEN CONFINED. 

62. In the preceding chapter we attempted, by a method 
founded on that of Tschirnhause!i, to brinir the general equation 
of the fifth dej^ree to the Ibrm discovered by De Moivre, but 
were met, as in the analogous case for biquadratic equations, by 
the collapse of the series for y. What takes place in passing 
through the collapse, I have not discussed. Nor do I intend to 
enter upon the inquiry here. * With the aid, however, of the 
theory of combinations, for the application of which to equations 
we are indebted to Lagrange and Vandermonde, we shall be 
able, not only to establish the truth of the proposition, 

THAT ANY EQUATION OF THE FIFTH DEOBEB 

CAN «E REDUCED TO TUE FOllM 

BY MEANS OF A 8UBSIDIABY EQUATION OP THE THIRD DEGREE 

* 

WITH RESPECT TO X 

but also to see clearly what the element is which has been 
omitted l)y later mathematicians of great eminence, who have 
coiiM It) the conclusion, that equations of the fifth degree can- 
not in general be solved algebraically. 

First Paut of thk Drmonstkation. 

§1. 

Mode of expressing, p|, pq^pgos ratioaal Junctions ofx^, x,,..X5. 

7%e ten eguaHons (d.), (e.). 

63. Now p^, pg must be such that 
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may become a root of an equation of tlic form 

or that the expresaions 



may become the five roota of that equation. For . . 
eater symmetricaUy into the ealcalns, and there is oonaequently 
nothing to connect one of them rather than another widi the x 
of the ezprefttton ^-^p^x^ + 

If then we consider diat the roots of the equation for y mast» 
as De Moivre has shown*, be expressible by 

i» denoting the imaginary roots of the binomial equa- 

tion (fi—l^Of we shall manifestly be conducted to a system of 
equations 

x\ -\-pxxl + p^<, +p^=-t^-u, 
x\ 4-/?ixJ +PtVfi-tpfi^ it + tV 

*I +i'«a^€ •^P3= + ; 

in which », fi, B, e represent in an undetermined or arbitrary 
order of succession, the five indices 1, fi, 8, 4, 6. 

64. From thu system there will arise, as we know from the 
theory of permutations, 1.2.3.4.5 systems; if for m,ff, y,B,€ 
we substitute 1, 2, 8, 4^ 5 in all the different arrangements 
whicfa they can assume. But these 120 systems will be found 
to fbmiah only twelve different sets of values for pi, p^ Our 
first object will be to express P»Pe^ functions of Xi,x^,*x^ 
without t and «. 

65. By combining any three of the five equations of the 
system (a.)j we see that we may eliminate t and «; and that 

* See acts, p. 37. 
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therefore if we replace 

*I+Pi«J+--f 

respectively^ we may arrive at a final equation of the first degree 
wiUi reapect to . • 

where fi^, fipt • • f*, are functiona of t which have no oommon 
factor difierent ffom 1, and aro aoch that two of them miial 
admit of being equated to lero. 

5 4 3 

66. It is clear that fifi, . . /*, will be susceptible of 

or ten di£ferently derived seta of values. The ten equations 
which may thus arise I shall for the moment represent by 

V,!/, + V^y^ + . . + V^. = 0, 

All these will belong to the same system. 

67. Further^if we consider that y«+y^+yy + yj+y,, which 
must be equated to sero, will give 

«J +»}+ • • + «J + (4+»J+ . • -^xDPi 
and that consequently, if we eliminate from the equation 
there will result 

wc shall perceive that any two of those ten equations will, if in- 
capable of beiiip,- made coincident by any transformation and 
reduction, be sufficient for enabling us to express and j}^ as 
rational functions of the roots of the original equation. 

68. It is not difficult actually to obtain such a pair of cqua* 
tions, and to show that those vidues of pi, which satisfy them« 
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Will nccesaarily satisfy every other pair bclougiog to the same 

system. 

In effect^ if introducing an indeterminate multiplier it we 
unite 

with 

or dividing the result by lAg^-^-Kf and designating 
we shall find 

Now in order that O may be different from 

K must admit of being determined so as to satisfy at least one 
equation of the form 

without causing ^^-\-ieto vanish. J£, therefore^ we reflect that 

the system of equations on which ^ depends will remain unal- 
tered if, while we substitute another imaginary root i for c, we 
make certain substitutions among y^, y^ and that con- 
sequently ^ may be deduced from 

IV being the same fimetion of i and «^ as v» is of « and but 
Sf«* bdng a difoait root from y^, we shall readily perceive that 
the coefficient of (vny one mMffffwify of the four roots y^^ y . y^, y^ 
may be equated to zero, when the coefficient of y« is equal to 1. 
Accordingly, let us suppose that 

Audi on expressiug y^, Vf^'-y^ in terms of / and u, there will arise 

— = (1 + tV^ + Ay + t\)t + (1 + l\ + 

JC2 
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This expretaioD for most, in vanishing, amnme the 

^ /^e 

fonn 0/+Ott; for -» which is not independeut of can- 

not generally be equal to — =— — ^-r-- . We most therefore 

1 ~r t "T* • • 

have separately^ 

1 + »V|| + + A'* = 0, 

If now we multiply the first of these equations by i^, and from 
the product subtract the second, we shall find 

where may have an unlimited number of different values 
assigned to it. 

Hence, if we cause v.^ to disappear by making 

there will result 

denoting t — 1 



{+1=4, 



and if 

we shall have 

— j^:^ ^® coefficient of fj being evidently equal to 0^. 

Finally^ on returning to the expression for — ^ — , which in- 

volves 3^^, • • > and making the requisite substitutions in it, we 
shall obtain 

jjj-^ = y. + + y^ + (y/, + + « y^) ; 

which, if ^sO, will give, independently of Vg, 

y«+yy+«ty/i=M ,k\ 



y<9+y* 



And we see that the values of p, and ^2 which satisfy this pair 
of equations must be such as to fulfil the condition <{>=0, or 

M« y«+M/i + A*y yy + y, + =0- 
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09. We might now, by meant of the equations (b.) which 
involve pifP^, s„ «^ jpy, jtt, and which are both of them of the 
firat degree with leapeet to and ezpieaa pi and p^ aa rational 
fnnctbna of x„ x^, Xy, Xi ; and then iirom diaoovering the num« 
her of different values which the expreaaion for (cither or 

wonld aaanme if the five indices 1, 2, 3, 4, 6 were made to 
enter into it fotur at a time in every order of succession, deter- 
mine the degree of the final equation XmiPn* ^i* "'^a^ * • -^fi) =^ i 

representing a rational function. Certain properties of the 
roots of this L(|uatioii woulil also become kuown. But we shall 
ainvc iar more rapidly al ihc buine results, from cousideriug the 
ten equations in question ; the remaining eight of which are con- 
nected by a reuiai'kable law with those already found. 

70. It is obvious that, with a iixed expression ior we should 
have obtained a different pair of equations if, instead of suppo- 
sing that y, — Of we had equated another of the coefficients v^, v.^., 
i/j, to zero. It uill not, however, be necessary for us to retrace 
our steps m order to complete the system. From either of the 
equations (b.) we may discover all the rest. Thus if we take the 
first of them, and represent by 

what that equation will become if t be substituted for t and the 
system (a.) remain unaltered, wc shall see that, t bcinp: different 
from I, there will arise a new equation belonging to the system. 
A difficulty here indeed presents itself. For if we write t.'*t for 
/, and t**u for m, it will be evident that we may obtain, corre- 
sponding to each of the four expressions a^%, a^, a^^, five equa- 
tions of the form in question. We appear, therefore, at first 
view to be conducted to twenty, and not ten equattona in the 
system. But an examination of the function ac will, as I pro- 
ceed to shoWf point out the relation 

which includes the two conditions 

71. Reverting to the expression for we see that 
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Now flp considered generally as a rational function of may 
evidently be included under the foim 

where c^, . .Cq do not involve 

Hence we iiad 

which will be aatiafied independently of if 

C| ^3=1, Cq Cq= — 1, 

We thus perceive that 

From which there will result, on writing inatead of 

We might have arrived at the ezpreaaion for a* from considering 
that y,+yy+a,$Uy .which^ expressed as a function of t and u, 
would become + » -|- aj/ + + 4- must in vaniahing 
asBume the £irm 

It appearSj then^ that has only two different values^ and 
a^f Hence all functions symmetrical relatively to a^ and will 
remain unaltered when for i we substitute any one of the three 
roots i^, i.\ 

And in accordance with this we find 

fi,+fl.»=-(*+t*+t»+t^)=-(-l), 

ii,xii.,.=(-i)n*+i*)(*«+i^)-(-i)n-i). 

tf^ and are in fact the roots of the equation 

whicbj solved aa a quadratic equation, will give 

<i~ — =^ — — . 
2 

72. Another consequence of the properties of must here be 
pointed out. 

Representing any one of the ten equations of the system by 
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and observing that 
we see that 



y. + ye + yb = y. + yb + y« - yb 
«-(yd+ye+«i*«yb)i 

a, . . e having) for greater simplicity, been intioduced instead 

of the accented indices a , . . e^. 

Thus it appears that and p^ cannot be determined by means 
of any two equations ex|)i casible by 



y.+ye+fli«yb=^^ \ 



yd+y«+*»i^yb' 

which, although seemingly independent of eaeb otheTj are in 
reality reducible to a single equation. 

73. In discnssing equations of the class (e) the following de- 
finition will be found useAd 

Of th e two functions + yc + y^ yd + ye + ^i" t/b» "^^^ 
of the same foim, and which taken together indudc aU the roots 
of the equation for y, y^, remaining fixed, the one will be said 
to be the complement of the other ; and either of these Amctions 
with the letter f prefixed to it as a cliaracteristic wiU express 
symbolicaliy the complement of that tunction. 

74. It may now be seen, either from multiplying y^ • .y. 
successively by a.> or from the law of the indices in the equa- 
tions (b), that the ten equations, 

y,+yjj-(^+*')y«=^' 

y«+yr-t*+*%==^' 

yy+y.-"l*+**)y«=^' 
y«+y«-(»+**)y.=^' 

c(y.+y^-(*'+^')y«)=0' 
c(y.+yv-(**+'^)y(8)=^* 

c(y«+y.-(**+*')y.)=oJ 



(d) 



(e) 
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wbm the indices in each vertical oolttmn follow the asme order 
of niocenioii as in the €yd» 




cannot^ while a,l3,,,€ remain unaltered, eondnct to more than 
one set of values for /?, and p^* But before discnasing the equa* 
tiona (d) and (e), I proceed to conuder properties of fiinetlons 
in whidi the elements are supposed to change places among 
themselves. 

§ 2- 

Cf SubttUuiioM. 
76. Let X represent a function of n independent quantities 

x^xt^x^.,; then ^L^*'^^" . . ^ or simply j^^ . . ) will 

express, according to a known notation, that in the function X 
the quantities x,,, x^,, x^t . . have been changed into x^^ a:^, x^^ . . 

respectively. I shall term 7*0 substitution. 

76. The nnmber of different values which X can receive when 
wc change the order of the elements on which it depends, cannot 

exceed the product 1.2.3. . n ; but the affix of substitution will 
admit ofl.2.3..7ixl.2.3..n diifcrently derived expressions. 

77. Thus if we denote by A|, A2,..Ai ..>.3. .„ the different foruis 
or states which the indices (1, 2, 3 . . n) are caj)abli; of assuming 
from the several changes of arrangement to which they are sup- 
posed to be subjected, the values of X may all of them be ex- 
pressed by 

V denoting the product 1 • . 8 • . n ; but in this system we may 
successively substitute . . A,, for Ai : whence will result 

(v—l) other systems, eadi of them consisting of v terms. 
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78. Suppose X to be such that the number of difieient values 
of whieh it is soaoeptible shall be less than v. 
Here certain terms in the system 

must he equal to each other. 
Let therefore 

On submitting each of these ft expressions to the substitution 

denoted hy ^, aud observiug that instead of an expression 
of the form 

where X has been subjected to two sueeessive subatitutaons, we 
may write 

we shall have no diiliculty in perceiving that the new set of equal 
quantities which will arise may bu represented by 

« 

which quantities are different from the former^ but equal to them 
in number. 

If we operate in the same manner with (*}^ \ \ • . 

^ until we have exhausted all the substitutions, we 

shall find tliat the v values of X will be sepaiaLed into a; groups 
composed each of them of /x terms. 

Hence the number of different values which a function of n 
quantities may receive from all the possible substitutions of these 
quantities among themselves, is necessarily a submultipie of the 
product 1.2.3.. n*, as is well known. 

* Taking, for example 

nss4, X3s«isk+«k4r4, (see 29) 
we find ^as8, and ii>=d. 
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79. If X be eiected by a seriiis of coHtijjfuom* aubstitutiona, 
we shall have universally 

O(i:)0-a:-)=0- 

This is evident. 

80^ Let us now consider 

where the same sabstitutioQ is supposed to be applied any num- 
ber of times in snecession to the function X. 

It is obvious that a limited number, p, of such operati<mB 
must bring us to an expression equal to X, and that all the ex- 
pressions previously obtained will then reappear in a periodieal 
manner* 

If, in effect, we denote by X( . M the value of X which will 

/A \ 

aiite when the substitution designated by haa been applied 

r time:s, we shall have 



X 



after which we shall come to the term x{ . , which, by hy- 

((^ \ 0 \A„/ 
; and eonsequently if w( 
j, we shall merely reproduce the 



we con- 
same 



series of ;^ terms disposed in the same order as before. 
> Tlius we siiull obtain, ia the form of au equation. 



* A tenn made use of in eonnezioii with subttitutioiit by H* Caucfay, to 
whom we are mdebted for the resulU ia 80, 81, sod 82, as well as for the 
theorem given above in 79, 



Digitized by Google 



MMHOD or tsMmjMM AND VAWBimifOllDS. 



60 



a and ricpresentinginyintegen^iefoiiidiided. Wliaiis tenned 

the«fcyr..of(^)b,.udicatedby;,. 

81. There is an inference from the equivalence of diffriLutly 
-derived affixes of Hubstitution, of w liich as yet I have matk no 
mcntiou. It i», that every substitution is either curcoUr''', 
such as 

or admits of bemg rewired into two or moie independent eiiealar 
Bubstitutions. I must spare a little space for proving this. 

Now as the eolnmns of elements of which any substitution is 
composed may change places among themselves without disturb- 
ing its effect,let us select for the second place among the columns^ 
in accordance with the arrangement in the type or pattern 

that column the lower element of which is equal to the opper 
element of the first column. Such a selection is always possible^ 
since each of the two horisontal rows of every substitution is 
supposed to consist of the same elements abstractedly of the 
order of position 

In this way the first two columns of any substitution may be 

* The applicability of the word circular, apart from the famt q£ the 
fuocti(Hl operated on, is not perhaps very easily seen. Bat let 

and there will result 

The cflieet then of the proposed nibstitiitioii, the demeiils /3, y, . . C 9 
being amoged roond a ciide, as in 74, ckarly is to osme eadi dement to 

advance into the place of the one next preceding it. After a second sub* 
stitutiaa identical with the first, each of the elements will therefore have 
moved forvi'ard through two ]»koe8; after a third substitution, throuf^h 
three plad :j ; and so on continually. Whence it follows that if p denote 
the number of the elements, we shall have 

in which each element has returned to its faTit )>aMtiou, having completed 
a revolution rouud the circle. 



Digitized by Google 



60 MBTHOD OW LAOBAMOS AND TANDSHMOlfDE. 



TCpneaented by 

"• 

the dement a occurriiig twice, bat no fiied relation eiisting 
betwerai k and if. 

Should the proposed substitntion be each as to eaiwe the ele* 
ment h of the upper row to come into the place occupied in (1) 
by Hf, a circular aubstitntion of the required type 

'^^^ {!)' 



( ) 



would be at once arrived at. 

When, liovvever, h', as will more frequently happen, merely 
rcprescnts some one of the eleoienta ditiereut from we must 
proceed precisely as beiurej and select our third column so that 
we shall have « V A'n 

remembering that the lower element of each new column must 
always be taken equal to the upper element of the preceding one. 

Here^ if hf^h, there wiU arise a circular substitution with 
three dements in eseh horisontal row, 

''^'^^ . ...... (2)' 



/a h' h\ 

\h a h')' 



And if A" > or < A, by addmg in succession, if required, a fourth, 
a fifth, a uth column, we shall, in every case, ultimately come to 
a column in which the upper element is equal to A. 

To condudcy when we have reached the uth column, if we find 
that we have exhausted all the columns in which the upper and 

lower elements are different^ it will be been that is, in the 

particular case under discussion^ itself circular. But if beyond 
the tfth column there remain columns of unequal dements, the 
proposed substitution must manifestly be such as to separate into 
a finite number of circular substitutions of the prescribed type*. 

* Thus the operation il< ^iguated by 

la b c d ef g hij o\ 
\}i 0 (/ / b j a g e c iJ 
is equivalent to tiic tlirce liidcpcudcut ckcuku: upcratioiit» 

(l"'), (*!":). c/^A 

\hagf \obe %f \d cjf/ 
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82. An important theorem od the deeompoeitioa of subitita- 
tions here presents itself. 
Obeernng that if 

we thall liBve 

where Q indicates an mierekmi^ or irmupaiUian of the ele- 
ments a and /3 ; and that if 

we shall haye 

the operation denoted ^ ) heing in this case equivalent to 

tbe two mterebnge. ('/J and (^^ taken •» «ii«eMk»: we 

are at once led to infer that every substitution may be repre- 
sented by a succession of interchanges. 
And, in eiect, if 

then will arise 

as will be evident on reflecting that 
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or that every such substitution oi the nth. degree*, n being any 
integer, may be represented by a like substitution of the (« — l)tli 
degree followed by an interchange. The proposition being there- 
fore true of any circukr substitution must hold universally (81). 

88. I proceed to consider some properties ot the function 

which^ in accordance with the meaning usuaUy attached to the 
symbol {,,),! shall express by 

^ab^ thus denoting the same thing as 

84. Beginning with the funetion it will at once be 
seen that 

X(«^) = X(/S«); 

Q^^i^) and ^^f^]) being equally expres&ive of an interchange of 
iiie elements a and ff, 

85. Passing to the fonction X(«/9)(7^), we see that if 
a, 0,y,B})t unequal, we mast have 

For the interchanges being, according to this hypothesis, inde* 
pendent of each other, it mu^t be indifferent in what order they 
are taken. 

But if the fonetion hi question were of the form X(«^^C^y), 

in which the element /S is common to the interchanges, we should, 
exclusively of particular cases, alter the value uf the iimctiuu by 
inverting the order of the interchanges. 
Thus if 

* See not^ p. 69* Tlie d^jiee of a non-eireiilsr mlMlitiitMm may be 
lound hf delefmniiDg when the dements in esdi of die constituent circulw 
■nbsftiftutions will severally complete an exact number of rerolntioni. But 
the property in qnei^n, although interestiog m itself, is not one (tf which 
we shaU have oeession to make any use 4bf«mghout this Essay. 
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we shall have 

X(«;3)(/37) = *(7,«/9), 
being arbitrary. 

Now, if ^1^(7, a, i3)='¥{oc, we must take =7. 

There will consequently result 

X(-^)(^y)=X(fl7)(«7)! . . . 

in the second member of which equation the eleaii nt y, and not 
fiy is common to the interchanges. «, ^, 7 arc supposed to be 
unequal. In an invei-sion of the intercbangescan 

take place without disturbing the value of that fimction. 
Fiuther^ it ia dear from the equation {fi), that 

X(^.r)(«7)=X(«y)(a^). 

80 that we shall have the three equal expressions 

H'.^X^y)' x(^r)(«r). K'M'n • m 

which, if we continue to apply the equation ifi), wUl reappear 
periodically. 

86. With respect to X(«^)Cr.^)(e 011 denoting it by Y 
we shall fiud^ since f.Q^=XH, 

If therefore we substitute* X(yB){afi') for X(«/)(y5), and 
aflfect with ^) both members of the equation which will thence 
ariae, we shall have 

that is, we can operate with the first and second of the inter- 
changes as if the third did not erist. In like manner it might 
be shown, that in operating with the second and third we may 

neglect the first. 

And analogous results will be obtainable, whatever may be tiie 
number of the intcreliaiigcs with which X is affected. 

* See («; and (/3). 
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§8. 

Consideration of the ten equations (d), (e) resumed. Theorems 

(0, (g), (h). 

87. Ketuming now to the equations (d)^ and designating 
them^ in the order in which they ocearj hy f^^O, f^ssO, » 'ft^^* 
we find) on inspection^ 

/.(-^)=y,e.7). 

We also. find, as might have been foreseen^ 

/.("^)=/X*.7)- 

And it will have been ob??erved that the two functions involved 
in any of these four equations are either f^, or/^, ; the in- 
dices being in the former case equal to the elements of the given 
affix and in the latter to those of («7). 

Farther, we obtain 

/.(«^)=A(*r); 

which involves the single function f^, the index of which^ 8, does 
not enter into either or 

We are thus conducted to the equation (see 84) 

/X'f>m.o> (0 

where a and b are such as, abstractedly of the order in which 
they are arranged, to be restricted to the three sets of values 

/3J' *J' SJ' 

88. When a, instead of occurring among the elements to be 
interchanged, remains fixed, we have 

Am=A(y.D (g) 

b and e here depending on 

»• J). :}• 
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This theorem may either be derived from the preceding one, 
or obtained directly from the equations (d). 

S9* Finally, we obtain 

A('?7X?.0=f/.)(^.0.i • • • • ^4 

where \ must coincide either with (fff) or with (7^), the 
complementary interchange relatively to With respect to b 
and e, if we take b saoeeaaiTely equal to 

A y» 

the corresponding values of c will be, if (^e^^ = ^^6^, 

but if (^«)«=(t?)' ^^"^y ^ 

the successive values of c being in each case arranged at equal 
intervals in the cycle formed with the indices of the equations 
(d) or (e) taken in order. 
And a similar theorem will exist for )• 

§ 4.. 

Of the fimetion P. Mode 0/ repmeiUing the twehe rooit of 
P*« + B,P" 4- . . + B,«=0. Remarkable relaHma tlm indicated, 

90. The final cqiiation on which P],p^,Ps depend, is of the 
(1 .3.4)th degree. This result, which will have been foreseen 
independently of the form of that equation, or of the nature of 
its roots*, may be deduced anew, in conjunction with some very 
remarkable properties of tlie roots in question, from the theo- 
rems given in the last section. 

^ Designating by F one of the quantities py, (say p^), we 
may easily perceive from the equation (f) that the expression 
for P, considered as a function of x„ Xff, . . x„ will be such as to 

* From considering that the equatiotia 
are of the ftrat, third, and fourth degrees relatively to pit pa, p^. 
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aflsume generaDy all iti nneqiial values wfaHe one of the roots 
remains fixed, and xp, Xy, Xf, undergo among thepiselvea the 
different changes of arrangement to which they can be subjected. 
In eSett, sinee the same fbnction of the roots may be evolved 
from 

the interchange («^) niay be set aside*. It appears therefore 
already that the equation on which P depends is capable of being 
resolved into five equal factors, any one of which cannot rise 
above the (1 . 2 . 3 . 4)th degree. 

Again, it is evident from the next theorem (g), that of the 
four pairs oi equations to which all those which include /« or 

* To show ibis mate elearly,let 

then, whatever may be the form of tlie ratioaai function characterized by 
^ we see that all the 1 .2.3.4.5 values of wliidi P is susceptible may 
be dcsSgnsted by 

Pi, Ps» Pjj • • Pm» 

p.a?)' ^»(\?)' • • 

P,(15), Ps(15), P,(16)...Pa4(15); 

those in the first line dexkoting the 1.2.3.4 values which P can assume 
while Xi remains fixed. 

If now represent tlie general term of the 24 functions Pi, Pj, . . Ps4, 
it is evident that Pr(lj3) may be taken to represent that of the 4x24 

fuiicuons P!(12), Pj(12), . . P24(1S). 

But from the equation (f) we learn that when we have assigned to 
any one of the four values 2, 3, 4, 5, we shsU be aUe so to seleet y, « firom 
the three tbiis left that 

And since P^^y c) must, in accordance vnth the hypothesis respecting 
Pj.^ occur among P|, Pj, . . Pj^ (for in the formation of these functions are 
exhausted all the interchanges which can be made with the four indices 
2, 3, 4, 5), we are mamfestly permitted in our search for unequal values of 
P to confine our ettentloii to the 24 functions in question. 
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l/.+yf—(i+i*)y, are ledncibfcb 

/.=0,1 /.=0,1 /.=0.1 /,=0,1 

the first will furnish the same expression for P as the fourth^ 
and the second as the third. 

And since /« will not, while a remains fixed, admit of more 
4x3 

tlum — ^ diffefeat ezpressionft, the number of difierent values 

4 4x8 

which may be aaaigned to P cannot exceed = x ^ — »• 

i0 1 X « 

P therefore will depend on an equation of the twelfth degree, 
or rather on an equation of the form 

iu whieh Bi, , . B,, are symmetrical relatively to x^,,a^ 
and may consequently, as is well known, be eipresaed as rational 
fnnctions of .^i, , . the coefficients of the original equation. 

91. To obtain the roots of Pi2+BiP>^ + . .=0 in terms of 
jT], let ns suppose that 

we shall then, by making the foUowmg substitutions with ^9 
and e, 

(25)' (34)' 



O' (?:)■ 



find the six expressions of which /| is susceptible, 

ys+yt-{''^''^)yv ^2 + ^4 - + 

or if, for brevity, we designate the first three of these expressions 
tsken vertically by tj, A,, /„ we shall have 

v2 
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each ezpresskm in one eolnmn being the complement of the cop- 
reflpon^ng expresmon in the other. 

By applying (12345)^ each eqimtion in the system (d), 

we obtain i^ = 0 along with four equations, which, from analogy, 
we shall indicate by 1^=0, %=0^ U=Of i^^O, in the order of 
their occurrence. 

Again, by applying (][ 3 g 4 5) equation in the same 

system^ we obtain ^|sO followed by four equations^ whieh> 
abstractedly of the order in which they present l^emselves, will 
be indicated by k^=0, k^=Oj k^^O, k^=0; the index of k being 
made to correspond with the index of the term multiplied by a*. 

Lastly, by applying f 3 2 5)* ^=^* 

^=0, 1^=0, /,=0. 

Now, from the theorem (h) there will result 

'K23)(*.5) = (CV)(25)„ 

the second members of which will^ if If^W^W^X, reduce 
themselves to ct|» iky, c/^. 
If then we olMerve that (72) 

ff, denoting what becomes when a. is changed into we 
shall readily perceive that the six groups of equations on which, 
as we have seen, all the different expressions for P depend will 
be reducible to the three following groups i-^ 

i,=0,1 i,=0,1 t',=0,-| i,^0,\ 

*,=o,i »,=o,-i *',=0,1 *'i=0,l 

/,=0,T /"=0,-l /,=0,-l ^=0,-l 

4-0.1 ^(«).=oJ '.=0./ '.(«).=o,| • • 
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(^^X' "**y cither tbe three interehftDge* 

(3.5), (45), »r (34), (2i), (23), the eomple- 
mentary interchange s relatively to t„ A:,, /,. For greater uni- 
formity the same index i; has been retained throughout the 
groups ; the expression for P being in every case unaffected in 
value by writing 2, 3, 4>, 5 successively instead of t;. 

92. But for our j)urpose it will not be necessary from each 
pair of these equations actually to find an expression for P in 
terms of sBi, If we denote by 

that value of P which is derived from the pair of equations 

/,(".")('='') ••-<>. f.(>}^X'.^-=o. 

the twelve values of which P is susceptible will be represented by 

P*, i'*(S6)». P*7 ^**'(8*>iw ? . . . . (ra) 

BO that without proceeding any farther, we may perceive that 
the roots of the equation P^*+ B, P". . ssO must be such as to 
admit of being distributed into three groups, whieh are related 
to eaeh othw in a very remarkable manner ; the second pair of 
roots in each group being derivable from the first pair by merely 
introducing at^ instead of Oi. Indeed the groups themselves 
may all of them be denved from 

which will represent four roots of the equation for P. 

§5. 

ExamiMttum o/Vror F^-f- P/(^«)„ + P/# + ^^^^ of the 
egtuiiion in V. Prine^le mvohed. The equation in W. 

93. At iirst view it might be imagined that^ if 

KjP=P/+Py(p.)„ + 
the equation for Vjt would not rise above the thud degree. But 
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although the eight fdnetione 



Vft denoting what V, becomes when / is changed into/, will 
be neeeaaaiily equal to each other; and consequently if / be 
changed Baocessivdy into I, and F into I, K, L, there will 
ariscj the index 1 remaining fixed, eight functions eqnal to Vp 
eight to Vgf and eight to Fx,; we must not condade that 
Vpf^ifi), in which the index 1 is supposed not to be fixed, will be 
capsibleof coinciding with one of the three fonetions Vj, V^y Vj,, 
It is true that all the roots of the equation P**4- jBj P" + . . =0 
may be evolved separately from a single expression while the 
index 1 reoicims fixrd. 13ut the question liere relates to the 
possibility of evolving them ibur at a time in a certain definite 
order. And, in effect, if we examine the function Vf^afiy we 
shall find that "** 

wherein I suppose /„(^y), ffii^jf^t • • to be denoted by g^y g^, . 

f*(^F)» • • V * * ^ accent attached to the 

g and h to indicate, as before, a change d into a/f. Whence 

* It may easily be shown that 

Obsming tint i^^ssy^+y^ +o^y^ and that ooDsequeady A^(/3d)(yc)=(A^ 
we imoMdiatdiy find from the theoram (h), 

where 9 aad r nay have more than oae set of values asiigaed to them. 
Heaee the tame cxpfeMnon for P may be evolved fipom 

»V(«..')„=o.1 V(3.«){r.')=o.] 
*V(i').=o.J " V(i^i)to)="-j 

We mutt aceordiagly have 
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it is dw that the four roots whieh oompoae the foaetion Vr{ofi) 
do not all of them belong to one group, but mnrt have come in 
pain from two of the three groups (i), (k)^ (1). Thus by the 
method of rabstitations en»lained in § 2^ we ahall be conducted 
to an equation for of tne form 

CjK»4+ CgP3+ . . + Cifi)8=0, 
in whieh C,, • • will be rational functions of A^^A^,, 



— P/(«^) . See theorem (f ). 

Agani, ol)scrvin^ that 5r^=y,+yy+fl^y^»aud therefore ir.(^y)(d«)=Cy^ 
we find* as in tlie preceding case, 

and thenoe 

Now if we ipplj the iateicliaBge (y c) to the equalions that obtainedt 
feflectii^ that, sinee the index n may be suppreaied, fheie will lesult 

Pg/(y«)^(y €)=P^(y 1)2=^*^ •l**^ haW 

=iV(«f)(x5)i 

the last of whidi fbnctumi will manifeitly be equal to ^/(fij)n(»J^) > ■^■^ 
(fit) and (yB) aie eomplementaiy rdatively to/^. 

That P;^((«),t do not belong to the same group, we may at onoe 

eonviiioe oundves fnm eonaidering that 



wheie 






And m fact it we suppose / to be changed into i, 
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And ibe rooto of the equation (7iFi^ + • .=^0 will be ex- 
pressible by 

Fjf, ^JC(ii)*-- r (o) 

wbichj except in particular cases, will be distinct one from 
another. 



94. If, however, we designate by 
the function 



which evidently does not admit of more than six different expres- 
sions, and observe that 

we shall sec that the resolution of the equation V^^ -\- C\ F'^+ ..= 0 
may be reduced to that of a determinate equation of aix dimen- 
aions, 

the roots of which will be 

^*.(35)„, V (p) 

95. Could wc solve this equation for lt\ the roots of any 
e(|uation of the hfth degree might be easily obtained. For from 
the expression for P^, we might deduce that for or P. 
Pif P» Pa would thus become known. And from combining 

«« + ^, + ^ + . . + ^^=0 

with 

we should, as in 22, be led to 

•»^=ff4+ff8y+?ay'+</i/+tfoy*; • • • (q) 

where 7^, . . ^^are rational functions of pj, p^, or simply of 
P ; and where 
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ifit)^ and (p^^k)'^ being, as is well knowb, the roots of the eqiiatioi!i 

and consequently admittini^ of being expressed in terms of 
and A"^ which also are rational functions of p^^ p^. 



Second Paiit of thjc DfiJuoNSTBATioK. 

§ 6. 

Forms of the ftmctions designated by t and u. Of%^ B„ 0g, ©3, 0^. 

9(). We have not hitherto taken into consideration the forms 
of tilt functions denoted by / and ti. 
X^ow from 94 we pereeive that 

(P0* = /A + «' \^v, 

in which a' and are the roots of the equation 1 aO, and 

Hence we may take 
Again, 

and, as might be foreseen. 

The equation (q) may therefore, without altering the root s, 
be resolved into the two following equations. 
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r\, . . ri being rational witli respect to q^, y^, • • ^o* M» '^^» 
and ? becoming r* when is changed into 



97. Ifj now, in the equation 

by which is represented either of the equations (r), we write 
inetead ctf 9; tsking ^ successively equal to 0, 1, 2, S, 4, we 
may. if 

arrive at the system of equations 

a;„ = eo+10, + ie,+ 108 + 1®4, 

from which there will i-tsalt 

the successive coefficients of 0„+, being 4'", t*""^**, 

or (.*)^ (^*)^ (**)^ 

And if we reflect tbat tbe system (6) will remain unaltered if, 

Buhstitating *«e„ **^8i **'®4, ®i> ®8. ^4 
order of their occurrence, we make suitable substitutions among 
^y, »,5 end that ©«, or r4-«t)* must he such as to 
admit of being equated either to r^.. (/>/)* to r^-J^pSty ; we 
shall have little difficulty in perceivmg that 
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98. We ave tlraa permitted to asBome 

L . . (t) 

BJ*, being equal to [r'^^^iptyy, K.,(/)*«)"3* respectively. 
99* It follows therefore that 

ei'=«"4;- (») 

Whence we deduce 
obaerviDg that ©5„+i=©J. 

§7. 

illbife of uuHeatinff that the expression wkieh nu^ /dttf the place 
ofBnisa function of P/(ab)(c a) . . Theorem eongtoeed of two 
branches (v), (w). iiypotlietical character. Evolution of 
particular forms of b)c d) . . • 

100. Let us DOW consider 6» in relation to the difiSerent values 
of P* To indicate that the expression which may take the place 
of is a function of P^. b) (c d) . . , I annex to O, the index of P. 

Tbus 

®«./(ab)(cd).. 

will denote a function of that value of the index of which is 

101. It 18 ev ident from the equations (s) and (t) that we may 
have 

®M»1»>(«?)..* 

if e../(Wd).=*H^J(*b>i)^ 
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or 



This theorem is reniai kable, dol unly for its hypothetical cha- 
racter, but also tor being composed of two branches. 

lOd. If we suppose the operatioii denoted by b^^c . . 

to take the particular form (^.^)(^^)* there will result from 

the first branch. 

Further^ if, observing that ly(P«)(y,«) = l/ (^*'^' ^^)^ conse- 
quently (dn,/(fi.)(xt)^&^/, wesuppo«j (a b)(c d) . . tobeeomc 

if e«./«*««(e;.,)(^.0(T??)- J 

Lastly, since ^ /(a^)(y «) = ^ same branch w ill yu u 



if 0../=*^-(e,,<«/^X^.O- 

And analogous resultswill be obtainablefrom the other branch (w). 

Now we see that (v,) eannot generally apply to (since 
the condition /— ^^^n,/ cani><'^ ^ satisfied without inducing 

certain relations among a-,, a;-,, . . x^^), but that it will apply to 
On the contrary, (vg) and (v^) will be clearly applicable 
to 0^,^^, and not to &„ f 
li, in accordance with what has been just proved, we take 

* See the equation (u). 
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^^ = ^sO, we shall have 

There may aUo subsist 
aft is evident. 

But having decided upon thus fixing the meanings of 
©I /' ^'n,f^p<y ^« /^^c)' be careful in evolving par- 

ticular forms of 0«,/(ab)(cd).. not to lost* sight of the equations 
(x) and (y). Of this, however, more hereafter. 




§8. 

0/ the equation (aa)> the first member of which ts a function of 
the second of Tf^fi^y Origin of the equations (ab) a$ul (ac). 
T%tir eoeamtenee. Nature ^ the roots of the equation in W. 
Conckmon re^fteetinff the possibility of solving equations of the 
fifth degree, 

103. Again, if we examine the equation 

on designating for the moment (^J^^.^^ by 1^ we shall per- 
ceive that 

Io+ 1 1, + 1 1,+ lls+ 1 l4»^«=eo+ 1 + 1 8,+ 1 104, 

lo -} , + r, + i I3 + ^-^4 = = 00 + I + + t ©3 + *^^4, 

Io+t^Il + ^ I2 + i'*I3+^'I4 = ^^ = ®0+'^'^■^ + ^ e2+t'*08+^'^>4. 

from which will result 
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+ {l+2(i» + t^«)}l3„ + (3 + ^+t*«)l^5 . • . W 

as the general equation between the systems. 
Hence if we denote 

by tf, b, e, d, 

respectivelyj we shall have 

®«= g ((fl«H-cl4+6Ii+fll8), 

Elevating each of these eight functions to the fifth power^ I 
now express, as in 100, 0«t as a function of ^ and I« as a 
function of ; and observing that 

I find 

* On attaching the index of P to the function 6^, we shall find ourselves 
conducted to the first of the equations (x). It is on this account thnt, in 
the leading terms of the equation (aa), ©' is written for 0. Had set 
out with the expressioo in terms of tlie roots x^, x^, . . which is con- 
tdned in Ae seeond of flie equstions (x), e'' mmt have taken the place of 
6*. This It verified in the eqaotioii (aa)» which it, at we tees tyminetrical 
with reapect to 8' and G^* 
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of which the first member is a function of P/j and the second of 
P/(p«) another root of the equation for P. 

ik this theorem we may change / successively into ?, k, I ; 
/(/3 €) taccessivdy becoming i(25), A:(35), /(45). We may 
also write f(flf) ^^^f instead of/ 

104. If,now,weelimmate0',^^^,y ^^AW 
by means of the equations (see 98) 

(the index f(^^^^ being used in the same sense throaghout)| 

and bear in mind that 

we shall have little difficulty in perceiving that the second mem- 
ber of the equation (aa) is reducible to the form 

where N4, Ns, • • Nq, ^^X^O ^^^^^ ^ index to each of 
them*,' that is to say, ^4,/{p*)> ^3,/(p«), . • ^o,/(it€) are, in 

general, dcteriinnate and rational relatively to P/(p«) and ^V/^fi*) • 
Accordingly^ if we designate by 

* I here sappowj precisely e» bef<Mre, the index /(j8cj, with whieh the 
bradcet it affected, to denote that ia each term within the hraeket the 
fonction. P is to be changed into ^/{fi*)* ^s equation of definition which 
embraces eyery case is, in hx^ 

With respect to the comma outside the biacbet in the second member, it 
may, for still greater simplicity, be in general omitted or understood. 
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the function 

on putting ( successively equal to 0, 1, 2, S, 4f, we shall obtain 
five functions^ |S> ^H^ j^H, 4H ; the first of iHiich^ or 
rather ,,3/((j«), will (irrespectively of the rest*) be equal to 

{©1^ + 02* + ©? 4-^?}/^, which, for coneijjcness, is taken to 
denote the first menibL-r of the equatiou (aa). 

We may tlms form an equation of five dimensions^ 

iS-o5)(5-iS)..(a-45)=0; . , . (ab) 

the coefficients of which, when arranged according to the powers 
of 5, shall be rational functions of P/^^«)* For in consequence 

of the symmetrical niaimcr iu which B', B", and therefore a', a" 
enter into tlie calculus, tlie symbol relatively to the function 
V, will, as well as 4^, disappear from the coefficients m question. 

105. But + + is a rational function 

of In effect, as 

there will manifestly result 

{©?+©;*+©;* +e';^}^- 

in which Li,/ and L2,/ may both of them be rational with Tesi>ect 

to Vj. 

. . + B'l'^}^ cannot therefore, when the roots . . a-^ 

change places among tlu insclvci*, rrrcive more than twelve dif- 
ferent values. If, indeed, we consider that 

* Tlmt is, without considering whctlu r N3, Xj, Ni, teTemUy vanish, 
t A proof of this theorem may be deduced from the properly that 



I 
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we shall readily perceive that . • must admit of 

beeoming a root of a determiiiate equation of the -i^th degree 
expressible by 

{S-B/}{B-S,}{S-H,}x ^ 
{E-S/^^^.)}{a-B^y,.)}{H-H*(,,)}=0*;/ * ^ 

Bf, Sg, . . B«(f •) representmg rational fonctioiis of • 

P*(f.). 



106. Comparing the equations (ab) and (ac), we ave now con- 
ducted to an equation of the form 

in which t is expressive of a rational function ; that is, we find 
a„ + a,„P/+asP)+ • • ■\-^^/ = 
bu + b,o Pxi^j) + b^P;(^ + . . + b,P>{^ ,^ ; 

<^0j • • '^o'f hii, b|«, .. b« being symmetrical functions of 

And comparing this equation with 

P/ + P» + jB, P>»+ . . + 5„=0, 

1>econie<< , that is to mj,/heoommf when ia substituted for t. Thiw 
(see the equations (x)) 











i«../l'{:.)= 


ie;,,,}'. 




<o;'.,r(;,)= 











for 



{e.^/}'(;«)'U«-.)V+aV..)"}^;.)={e.,/(.j}'. 



Whence springs the equation in the text» the funcUon 

not being affected in value by any change in the order of the symbols 

e'8 q'5 r^"!> e^fS 

* The equation (ac) must, in fact, when multipUed by d*, be capable of 
eoindding with the celebrated equation of the sixth degree, by wUcb 
Vsndermonde end Lagrange were stopped in their researches cm tiie solu- 
tion of algebraical equations of the fifth degree. 

O 
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there will result 

where 'r will represent a rational function. 

We must also have, since in the theorem (aa) we are permitted 

to write /(Pj^ instead of/, 

and therefore 

P,='r{'t{P/}}. 

107. Similariy, on considering that ¥f may be expressed as a 
rational function of P/, and of P>(/b«) (105), we shall see 
that 

auti thence 

]B »nd ,E representing rational functions. 
And combining this equation with 

we shall ultimately obtain 

also being expressive of a rational function. 
The equation for JV will ther* fore belong to a class of equa- 
tions of the sixth drirree, the resolution of which can, as Abel* 
has shown, be effected by means of equations of the second and 
third degrees. 

Whence I infer the possibility of solving any proposed equa- 
tion of the fifth decree by a finite combination of radicals and 
rational functions (d5). 

♦ In a memoir **S«r une classe particuli^re d*Equation»resoliil)los nlg^- 
briquenii'iit," CreUe's Journnl, vol. iv. p. 131. M. LDirj, m Ins laatlienia- 
tical memoirs, haa also discussed the class ot equations udvertcit to iu the 
text. 
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APPLICATIONS AND REFLECTIONS. 

Application I. 

108. What, then, it may be asked, is the element omitted by 
Buffini, Abel, and other distinprnishcdmathematicians^ who have 
been led to the conclusion that it ia not possible in every ease to 
eflfeet the algebraical resolution of equations of the fifth degree ? 
Let us for a moment consider the nature of the difficulty which 
had to be overcome. It is clear that an expression for a root of 
the gieneral equation of the fifth degree must involve radicals 
characterised by each of the symbols Iff^ ^% ^* Ifj however, 
we examine all the solutions which have hitherto been discovered 
of particular equations of that degree, we shall find that into 
none of them do cubic radicals enter. A great, if not an impass- 
able barrier, seems at first view to oppose their introduction . For 
how can cubic radicals arise unless there be a cubic equation? 
And how can there be a cubic cquatiun uulcsb, in opposition to 
the well-known theorem of M. Cauchy, the hudiIk r ol different 
values of a non-symmetrical function of five quantities can be 
depressf d to three ? In answering these questions, it is manifest 
that we cannot fail to detect the element of which we arc in 
search. 

109. Now the equation of which 

is a root will evidently be of the third d^ree. For omitting 
the bi'ackcts connected with 'R, we see that 

the exponent^ as is usuali indicating a repetition of an operation i 
and that consequently (107) the root in question will not be 

ati'ccted by writing f\^f) instead of/*. Just mark what occurs 
here. 

110. We must have 

{ IV^ + tBfF^, } (-^^(^.^ . , « { + .) } (« b)(c d). (e) 

when • • ^^^'^^ ^ i but not for all 
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values of a, b, c, d, . . : since the method of substitutions ex- 
plained m § 2 will not generally be applicable to processes b^ed 
upon the theoran {v, w), which, in relation to (*..^)(^,^) 
is, we must remember, hypothetical in itself. The equation (e) 
belongSj in fact, as will appear in the sequel, to a system of five 
equations, each of which is separated from the rest by appro- 
priate equations of condition, and gives rise to a cubic factor of 
the equation of the fifteenth degree in ^^r(P*) orF^. 

APPLICATIOi^f II. • 

111. Again, to test the efficacy of the solution we have ob- 
tained of equations of the fifth degree in eliciting mathematical 
truths, let us take 

one of the equations involved in the pfooesses we have gone 
through, and see what we can discover respecting its nature. 

If we consider that P/» are rational functions of P/(^€), 

P^ using B as the characteristic, we shall have 

P/'(P .) = .) W,, . 
P/(,.,)=W,, =»rBP^ 

Hence the equation of the twdfth degree in P will be such that 

and if we further consider that there must subsist an equation 
analogous to (aa) when each of the remaining roots is combined 
with P/, we shall find ourselves conducted to another class of 
equations solved by A£el in the memoir already mentioned. 

Application III. 

112. Lastly, S/(^,) being (105) a rational function of P/(p«)> 
we obtain (106) 

r^ indicating a rational luucuou. 
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The equation of the sixth degree in ^ belongs therefore to the 
same class as that in and must consequently admit of a similar 
solution *, 

Nothing more need be said to show the impoftaaoe of the 
algebraical resolution of equations. 

113. With respect to equations beyond those of the fifth degree, 
ihey can be solved in various ways, as in 107^ lll^ and 112. 
In passing the limit of ms5 every difficulty disappears. But 
of tliis hereaflber. 

* See the LondoOf Edinbuigb, sad DubUa Ptuksopbiad Sfsgisioe sad 
Joumsl of Scieace for June 1846. 
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